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Introduction 

0.1. Generalities 

The subject of investigation is a linear homogeneous system of partial differential equations 

£j(x)y = 0, j = l,...,m, (d) 
where x G K n , m ^ n, linear differential operators of first order 

n 

= u ji( x ) d x l for all x E G, j = 1, . . . ,m, (0.1) 

i=i 

have holomorphic coordinates : G — ► IK, j = 1, . . . , m, i = 1, . . . , n, a domain G C K n , K 
is a field of real M or complex C numbers, and a total differential system 

dx = X(t,x)dt, (TD) 

where t G K m , x G K n , m ^ n, dt = colon (dt±, . . . , dt m ), dx = colon (dx±, . . . , dx n ), n x m 
matrix X(t,x) = \\X i At, x) \\ has holomorphic elements Xij : U — > K, i = l,...,n,j = 



= 1, . . . , m, a domain II C K m+n . Under m = 1 the system (TD) is an ordinary differential 
system of n-th order. 

With a purpose of unambiguous interpretation of the concepts we use, let's formulate the 
generalities of integrals theory for systems (d) and (TD) and define the terminology. 

Let's consider the operators (0.1) as being not linearly bound on the domain G [5, pp. 
105 - 115]. At that we proceed from definition that linear differential operators of first order 
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are linearly bound on a domain if they are linearly depended over the field IK in every point 
of this domain [6, pp. 113 - 114]. 

A holomorphic scalar function F: G' — > IK is called a first integral on a domain G' C G 
of system (d) if [1, pp. 35 - 38; 7, pp. 55 - 94] 

£.F(x) = for all x G G', j = 1, . . . , m. (0.2) 

A holomorphic scalar function fj,: G' — > IK is called a last multiplier on a domain G'cG 
of system (<9) if [1, pp. 121 - 124] 

£. (i(x) = — fi(x) div£j(x) for all x G G', j = l,...,m. (0.3) 

We'll say that a holomorphic scalar function w : G' — > K (a manifold w(x) = 0) is a 
partial integral 1 on a domain G' C G (an integral manifold) of system (d) if 

£■ u>(x) = $j(x) for all x G G', j = 1, . . . , m, (0.4) 

where : G' — > K, j = 1, . . . , m, are such functions that 

$ ( x ), = for all ieG', j = 1, . . . , m. (0.5) 

lto(:r)=0 

The system (9) is called a complete system if the Poisson bracket of any two its operators 
(0.1) can be represented as a linear combination of this operators [9, p. 117] 

m 

[£,(x),£ f (x)] = A Xl(x)£l(x) for all x G G, j = 1, . . . , m, ( = 1, . . . , m, (0.6) 
l=i 

with holomorphic coefficients A-^ : G — > IK, j = 1, . . . , m, £ = 1, . . . , m, I = 1, . . . , m. 
If the Poisson brackets of operators (0.1) are symmetric, that is, 

[£ j (x),£ c (x)] = [£ c (x),£ j (x)] forallxGG, j = 1, . . . ,m, C = 1, • • • ,m, (0.7) 

then the system (d) is called a jacobian system [7, p. 62]. 

The symmetry (0.7) of the Poisson brackets of operators (0.1) is equivalent to 

[£ j (x),£ c (x)] = O forallxGG, j = 1, . . . ,m, ( = 1, . . . ,m, (0.8) 

where D is the null operator. The identity (0.8) is the representation (0.6) with the coef- 
ficients Aj^(x) =0 for all x G G, j = 1, . . . , m, £ = 1, . . . , m, I = 1, . . . , m. Therefore a 
jacobian system (d) is complete [7, p. 62]. 
A differential system 

d x .y = m j (x)y, j = l,...,m, (Nd) 
where x G K n , m < n, linear differential operators of first order 

n 

W-jix) = ^ u js (x) d Xs for all x G G, j = l,...,m, 

s=m+l 

have holomorphic coefficients Uj s : G — > IK, j = 1, . . . , m, s = m + 1, . . . , n, is called a normal 
linear homogeneous system of partial differential equations [7, p. 64]. 
Let's note that a complete normal system is jacobian [7, p. 65]. 

The complete system (d) by means of linear nonsingular on the domain G change of 
operators (0.1) can be reduced to the complete normal system (at that only the restriction of 
the domain G may happen) [7, p. 66]. 

1 For example, the term second integral is used and there is also another terminology (see [8]). 
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Let the complete system (d) be such a system that the square matrix u of order m, 
which is formed by m first columns of m x n matrix u(x) = ||n j(x)|| for all x G G, is 
nonsingular on the domain G. Then, the complete system (d) can be reduced to the complete 
normal system in the form of (N<9), at that, in the neighbourhood of any point x from the 
domain G, where detu(x) ^ 0, this systems are integral equivalent [1, pp. 47 - 48]. 

We'll call a subdomain H of the domain G a normalization domain of system (d) if 
this system in a neighbourhood of any point of the domain H can be reduced to the integral 
equivalent complete normal system [1, p. 48]. 

A set of functionally independent on a domain G' C G first integrals F\: G' — > K, 
I = 1, . . . , k, of system (d) is called a basis of first integrals (or an integral basis) on the 
domain G' of system (d) if any first integral ^: G' — > IK of this system can be represented 
as = $>(F\(x), . . . , -Ffc(x)) for all x G G' , where 3> is some holomorphic function on 

the codomain of vector function F: x —> (iq(x), . . . , -Ffc(x)) for all x G G' . At that, the 
number k is called the dimension of the basis of first integrals on the domain G' of system 
(3) [1, p. 38; 7, p. 70; 10, pp. 523 - 525]. 

A complete linear homogeneous system of partial differential equations (d) on a neigh- 
bourhood of any point from its normalization domain has a basis of first integrals of the 
dimension n — m [1, p. 51]. 

Every incomplete system (d) on a domain G can be reduced to an integral equivalent 
complete system [7, pp. 243 - 245]. 

We'll call a number 5 a defect of an incomplete system (d) if this system on the domain 
G can be reduced to an integral equivalent complete system by addition of 5 equations as 



[£ (x), £ (x)] y = 0, \Z (x), [£ (x), £ (x)] 



y = o, 



Sip (x), [^(x), [£Jx),£Jg 



y = 0, ... , 



v = 1, . . . , mi, // = 1, . . . , m 2 , C = 1, ■ ■ ■ , m 3, C = 1, • • • , ^4, • • • , m s ^ m, s = 1, 2, . . . , 
{1, . . . , m} 3 j u , Ip, a 5 , p ... [1, pp. 42 - 43]. 

Let's agree on a complete system has the defect 5 = 0. Then, one can say that every 
system (d) has the defect 5 and ^ 5 ^ n — m. 

The system (<9) with defect 5 on a neighbourhood of any point from its normalization 
domain has a basis of first integrals of dimension n — m — 5 [1, p. 51]. 

The system (d) is complete if and only if on a neighbourhood of every point from its any 
normalization domain it has a basis of first integrals of dimension n — m. 

The system (TD) is called completely solvable on the domain II' C II if in every point 
(to, xq) £ II' for system (TD) a solution to the Cauchy problem with initial conditions (to, %o) 
is unique [1, p. 17]. In case, when II' = II, we'll say that system (TD) is completely solvable. 

The system (TD) is completely solvable if and only if the Frobenius conditions [1, pp. 17 
- 25; 11, pp. 290 - 302] are satisfied: 



d t X K {t,x) +Y, X u (t,x)d x X K (t,x) =d t( X ij (t,x) +Y, ^ c (t,x)d x X ij (t,x) 
5=1 5=1 



(0.9) 



for all (t, x) G II, i = 1, . . . , n, j = 1, . . . , m, £ = 1, . . . , m. 
The system (TD) induces m linear differential operators of first order 

n 

Xj(t, x)=d t ,+^2 X iji t ^ x ) d x t for all (t, x) G II, j = 1, . . . ,m. (0.10) 



Then, the Frobenius conditions (0.9) via the Poisson brackets can be written as the system 
of operator identities 
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[X j (t,x),£ ( -(t,x)\=Q for all (t, x) G II, j = 1, . . . ,m, ( = 1, . . . ,m. (0.11) 
The system (TD) is the Pfaff system of equations 

u i (t,x) = 0, i = l, ...,n, (0.12) 

with linear differential forms 

m 

Wj(t, x) = dx i — y~] ^jj{t, x) dtj for all (t,x)EH, i = l,...,n, (0.13) 

3=1 

which have holomorphic coefficients Xy : II — ► K, i = 1, . . . , n, j = 1, . . . , m. 

The Frobenius conditions (0.9) of the complete solvability of system (TD) (the Frobenius 
conditions of closure of the Pfaff system of equations (0.12)) [11, pp. 299 - 301; 12, pp. 91; 13] 
can be written via differential 1-forms (0.13) as the system of exterior differential identities 

duj^t, x) A ^ A^oJ^t, x)^j = for all (t, x) G II, i = l,...,n. 

A holomorphic scalar function F : W — ► IK is called a first integral on the domain II' C II 
of system (TD) if the differential of the function F by virtue of system (TD) vanishes iden- 
tically on the domain II', that is, 

dF(t,x)| =0 for all (t, x) G IT. (0.14) 

By means of linear differential operators (0.10) the identity (0.14) can be written as the 
system of identities [1, p. 26] 

X j F(t,x) = for all (t, x) € IT, j = l,...,m. (0.15) 

A holomorphic scalar function F: W — > K is a first integral on the domain II' C II of 
the completely solvable system (TD) if and only if this function keeps a constant value along 
any solution x: t -> x(t) for all t £ T C K m to system (TD) such that (t,x(t)) £ IT for all 
teT, that is, 

F(t, x(t)) = C for all t € T, C = const. 

A holomorphic scalar function fx : II' — > K is called a last multiplier on the domain II' C II 
of system (TD) if [1, pp. 129 - 131; 9, pp. 117 - 130] 

Xj[x(t,x)= — fi(t, x) div Xj(t, x) for all (t,i)£ll', j = l,...,m. (0.16) 

We'll call a holomorphic scalar function w: II' — > K (a manifold w(t, x) = 0) a partial 
integral on the domain II' C II (an integral manifold) of system (TD) if [1, pp. 161 - 163] 

X jW {t,x) = <f> j (t,x) for all (t, x) £ IT, j = l,...,m, (0.17) 
where $j : II' — > K, j = 1, . . . , m, are such the functions that 

*fi' X hw(t,x)=o = ° forEj, ^) eI1 ' j = l,...,m. (0.18) 

A holomorphic scalar function w: II' — * K (a manifold w(t,x) = 0) is a partial integral 
on the domain II' C II (an integral manifold) of the completely solvable system (TD) if and 
only if the function w vanishes identically along any solution x: t — > x(t) for all t G T C K m 
to system (TD) such that (t,x(t)) G II' for all t £ T, that is, 

w(t,x(t)) = for all t G T. 
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If a last multiplier \x of system (d) (of system (TD)) defines a manifold fi = 0, then it 
is a partial integral of this system. 

Indeed, the system of identities (0.3) is the system of identities (0.4), where &j(x) = 
= — fi(x) div£j(x) for all x € G',j = 1, ...,m, and therefore the conditions (0.5) are 
satisfied. Similarly, the system of identities (0.16) is the system of identities (0.17) with the 
property (0.18). 

If a last multiplier \x of system (<9) (of system (TD) ) defines a manifold 1/^ = 0, then 
it is an integral manifold of this system. 

A set of functionaly independent on the domain IT' C II first integrals Fi: II' — > EC, 
I = l,...,k, of system (TD) is called a basis of first integrals (or an integral basis) on 
the domain II' of system (TD) if any first integral \I/ : II' — > K of this system can be 
represented as %f(t,x) = x), . . . , i*fc(i, a;)) for all (t,x) G II', where <E> is some 

holomorphic function on the codomain of vector function F: (t, x) — ► (F\(t, x), . . . , Fk(t, x)) 
for all (t,x) G II'. At that, the number k is called the dimension of the basis of first integrals 
on the domain II' of system (TD) [1, p. 29]. 

A completely solvable system (TD) on a neighbourhood of any point from the domain II 
has a basis of first integrals of dimension n [1, p. 34]. 

To construct a basis of first integrals for system (TD) without taking into consideration a 
solvability of Cauchy problem we'll be based on integrals theory of linear homogeneous system 
of partial differential equations. 

A normal linear homogeneous system of partial differential equations 

Xj(t,x)y = 0, j = l,...,m, (0.19) 

is associated to the total differential system (TD). 

Directly from definitions of the first integral both for the total differential system and for 
the linear homogeneous system of partial differential equations we establish the basic integral 
connection between the systems (TD) and (0.19) [1, pp. 53 - 56]. 

A holomorphic function F: (t,x) — > F(t,x) for all (t,x) € II' is a first integral on the 
domain II' C II of system (TD) if and only if it is a first integral on the domain II' of system 
(0.19) which is associated to system (TD). 

In accordance with this property the systems (TD) and (0.19) have locally common basis 
of first integrals of quite concrete dimension [14]. 

A total differential system (TD) in a neighbourhood of every point from normalization 
domain of the associated to this system normal linear homogeneous system of partial differ- 
ential equations (0.19) has a basis of first integrals of dimension n — 5, where S is the defect 
of system (0.19), < S < n. 

0.2. Problem definition 

Ordinary differential system of n-th order 

!-/<*,«>, (D) 
where t£l, iSK", — = colon! —p- \ , the vector function f(t, x) = colon x), 

UlL > (jjL (JjV r 

. . . , f n (t, x)) has holomorphic coordinates fi : U — > K, i = 1, . . . , n, the domain II C 
has a basis of first integrals of dimension n [15, pp. 156 - 159; 16, pp. 256 - 263]. 
Autonomous ordinary differential system of n-th order 

§ = /(.). (AD) 
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where t G K, x G K n , ^— = colon (—^- , ■ ■ ■ , \ , the vector function f(x) = colon (/i(x), 

• • • , fn(x)) has holomorphic coordinates fa : G — > K, i = 1, . . . , n, the domain G C K™, in 
the n-dimensional basis has n — 1 autonomous first integrals which are functionaly indepen- 
dent on the domain G [17, pp. 161 - 169]. 

V.I. Mironenko has studied [18] whether nonautonomous system (D) can have autonomous 
first integrals. The possibility of existence of autonomous partial integrals and autonomous 
last multipliers for the nonautonomous system (D) was studied in [2]. Moreover, in that 
article I solved the problem whether both the system (D) and the system (AD) can have the 
first integrals, the last multipliers and the partial integrals which are the functions depending 
on several r variables x^, £ T G {l,...,n}, r = l,...,r, 1 ^ r ^ n, but not necessarily 
depending on all variables Xi, i = 1, . . . , n. 

Let's give specific example in which the existence of the autonomous partial integral de- 
pending on r < n variables is useful in stability theory. 

The nonautonomous real ordinary differential system of third order 

^ = — x(x 2 + (2 + sint)y 2 ) — y(e t x + t 2 xz + ty 2 ), 

^ = x{e l x + t 2 xz + ty 2 ) - y{x 2 + (2 + sint)y 2 ), 
dz 

— = z (x 2 + (2 + sint)y 2 + z 2 ) 

has the autonomous partial integral w: (x,y,z) — > x 2 + y 2 for all (x,y,z) G M 3 . This partial 
integral specifies the isolated point x = y = in the subspace M 2 of the phase space M 3 
and satisfies the hypotheses of Rumyanzev's theorem [19, p. 29]. Therefore the zero solution 
x = y = z = to this system is asymptotically stable with respect to (x,y). At the same 
time, this solution is unstable by Chetaev's theorem [19, pp. 19 - 20] (one should take 
V(x, y,z) = - x 2 - y 2 + z 2 ) 

Let's define the problem of existence of first integrals, last multipliers and partial integrals 
for system (d) which are the functions depending on several variables Xi, i = 1, . . . , n, and 
for system (TD) which are the functions depending on several independend variables tj, 
j = 1, . . . , m, and several dependend variables Xj, i = 1, . . . , n. At that, we'll use the terms 
and theoretical foundations from introduction. 



1. Cylindricality and autonomy of first integrals 

1.1. Cylindricality of first integrals for linear homogeneous system 
of partial differential equations 

Definition 1.1. We'll say that a first integral F on a domain G' C G of system (d) is 
(n — k) -cylindrical if the function F depends only on k, ^ k ^ n, variables x\, . . . , x n . 
Let's define the problem of existence for system (d) a (n — k) -cylindrical first integral 

F:x^F( k x) for all x G G' C G, k x = (xi, . . . , x k ). (1.1) 

1.1.1. Necessary condition of existence of cylindrical first integral. According 
to the definition of first integral, the function (1.1) will be the first integral on the domain 
G' C G of system (d) if and only if 

k 2 j F( k x) = for all x G G', j = 1, . . . , m, (1.2) 

where the linear differential operators of first order 
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k 

k £ j (x) = u j^ x ) d x for all x € G, j = 1, . . . , m. (1.3) 

Concerning the sets of functions k Uj = {^(x), . . . ,u- k {x)^, j = 1, . . . ,m, the system 
of identeties (1.2) means that the functions of each set k Uj, j = 1, . . . ,m, are linearly de- 
pendent with respect to variable x p on the domain G' under any fixed values of variables 
Xi, i = 1, . . . , n, i ^ p. It holds true under each fixed index p = k + 1, . . . , n. Therefore the 
Wronskians of each set k Uj, j = 1, . . . , m, with respect to variables x p , p = k + 1, . . . , n, 
vanish identically on the domain G', that is, the system of identities 

W Xp ( k ui(x)) = forallxeG', j = 1, . . . , m, p = k + 1, . . . , n, (1.4) 

is satisfied. Here vector functions k u> : x — ► (u^x), . . . , u- fc (x)) for all x G G, j = 1, . . . , m, 
and W Xp are the Wronskians with respect to x p , p = k + 1, . . . , n. 

So the necessary test of existence of (n—k) -cylindrical first integral for linear homogeneous 
system of partial differential equations is proved. 

Theorem 1.1. The system of identities (1.4) is a necessary condition of existence of 
(n — k) -cylindrical first integral (1.1) for system (d). 

1.1.2. Criterion of existence of cylindrical first integral. Let m x n matrix 
u(x) = Hm-^x)!! for all x € G of system (d) satisfies the conditions (1.4). Let's write the 
functional system 

k ui(x) k ip = 0, j = 1,... , m, k ui(x) k ip = 0, 

(1.5) 

j = l,...,m, p = k + l,...,n, £ = 1, . . . ,k - 1, 

where a vector function k ip: x — > (ifi( k x), . . . , (pk( k x)) for all x G G' is unknown, vector 
functions k u J ' : x — > (uj^x), . . . , Ujk( x )) f° r an x € G, j = l,...,m. Let's introduce a 
Pfafnan equation 

k ip( k x) d k x = 0. (1.6) 

Theorem 1.2 {criterion of existence of (n — k) -cylindrical first integral for linear homo- 
geneous system of partial differential equations). For system (d) to have (n — k) -cylindrical 
first integral (1.1) it is necessary and sufficient that there exists a vector function k (p, satisfy- 
ing functional system (1.5), such that the function (1.1) is the general integral of the Pfajfian 
equation (1.6) on the domain G k which is the natural projection of domain G' on coordinate 
subspace O k x. 

Proof. Necessity. Let system (d) has (n — k) -cylindrical first integral (1.1) on the domain 
G' . Then the identities (1.2) are satisfied: 

k 

u j6 (x) d x F( k x) = for all x € G' , j = 1, . . . , m. 

By differentiating this identities k — 1 times with respect to x p , p = fc + 1, . . . ,n, we 
conclude that an extension on the domain G' of the function 

k ip: k x ^ (d Xl F( k x),...,d Xk F( k x)) for all fc x G G fe 

is a solution to the functional system (1.5). Prom this it also follows that the function (1.1) 
is a general integral on the domain G k C K k of the Pfafnan equation (1.6). 

Sufficiency. Let the vector function k ip: x — > k ip( k x) for all x G G" be the solution to 
the functional system (1.5) and the Pfafnan equation (1.6) which is constructed on its base 
has a general integral (1.1) on the domain G k C K k . Then, the system of identities 
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d Xj ^F{ k x) - fi( k x)ip^( k x) = for all fe x G £ = l,...,fc, (1.7) 

is satisfied, where /x: k x — > /j,( k x) for all k x G Cr is a holomorphic integrating multiplier of 
the Pfafhan equation (1.6) which corresponds to its general integral (1.1) on the domain G k . 

Hence, taking into account that the function k (p is the solution to the functional system 
(1.5) we receive the system of identities (1.2). Therefore the function (1.1) is an (n — k)- 
cylindrical first integral on the dimain G' of system (<9). ■ 

Example 1.1. Let's consider a linear homogeneous system of partial differential equations 

£i(x)y = 0, £ 2 (x)y = 0, (1.8) 

which is constructed on the base of being not holomorphically linearly bound on the space 
K 4 linear differential operators of first order 

£i(x) = x\x 2 d Xx - x\d X2 + (xi + x\ + x\- xf)d X3 + (x\ + x 2 )d X4 for all x G K 4 , 

£ 2 (x) = x\d Xl - xix 2 d X2 + (x| + x\)d X3 + (xi + x\ + x 2 + xl)d X4 for all x G K 4 . 

Let's find for system (1.8) a 2-cylindrical first integral 

F: x -> F{x u x 2 ) for all x G G' C K 4 . (1.9) 

The Wronskians of the sets of functions 2 U\ = {x\x 2 , —x\} and 2 U 2 = {x|, — x\x 2 } with 
respect to X3 and X4 vanish identically on the space K 4 . Therefore the necessary conditions 
(Theorem 1.1) of existence of 2-cylindrical first integral (1.9) for system (1.8) are satisfied. 

Let's write the functional system (1.5): 

XlX 2 ifi + ( - x\ )lf 2 = 0, x\ (fl + ( - XlX 2 )9?2 = 0, 

5 X3 (xix 2 )^i + d x:i ( -x\)ip 2 = 0, ^x^i + d X3 ( -X!X 2 )(P2 = 0, 
9 X4 (xix 2 ) <pi + d Xi ( -x\)<p2 = 0, d Xi x 2 2 ipi + d XA {- xix 2 )Lp 2 = 0. 

Prom this we get the system 

xix 2 ipi - x\ ip 2 = 0, xi <fi - xix 2 <~p 2 = 
and receive from it the equation 

x 2 if 1 - xi f 2 = 0. 

The solution on the space K A to this equation are, for example, the functions 

ipi : x — > xi for all x G K 4 and (f 2 : x — ► x 2 for all x G K 4 . 

Let's write on the base of this solution the Pfafhan equation 

xi dx\ + x 2 dx 2 = 0, 

which has the general integral F: (xi,x 2 ) — > x\ + x\ for all (xi,X2) G IK 2 . 

Therefore the system (1.8) on the space K 4 has the 2-cylindrical first integral 

F: x -» x\ + x\ for all x G K 4 . (1.10) 

Since the Poisson bracket 

[£i(x),£ 2 (z)] = ~ x 2 {x\ + xl)d Xl +x 1 {x\ + x 2 2 )d X2 + 
+ (xi + 2xix 4 - x| - x| + 2xix| + 2x3X4 + 4x 2 X4 - 2x 3 x| + 4x4)^3 + 
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+ (xix 2 + 2xxx 3 — 2xix 4 — 2x| — 1x\ x 2 + 2x%x 3 - 2x|x 4 + 2x\ — Ax^x\)d XA for all x G K 4 

is not a linear combination on the space K 4 of operators £1 and £2 the system (1.8) is not 
complete. Then, a basis of first integrals of system (1.8) consists of no more than one first 
integral (accurate within the functional expression). 

Thus the 2-cylindrical first integral (1.10) of system (1.8) forms its integral basis on the 
space K 4 . 

1.1.3. Functionally independent cylindrical first integrals. 

Theorem 1.3. Let the functional system (1.5) has q not linearly bound on the domain 
G' C G solutions 

k ^:x^ k ^{ k x) for all x G G', j=l,...q, (1.11) 
where the vector k ip' y = (ipj, . . . , fZ), and the Pfaffian equations 

k ip~<( k x)d k x = 0, 7=l,...,g, (1.12) 
which are constructed on the base of this solutions have correspondingly general integrals 

F y : k x^F y ( k x) for all k x G G k C K k , j=l,...,q, (1.13) 

on the domain G k which is the natural projection of domain G' on coordinate subspace 

k x. Then, this general integrals are functionally independent on the domain G k . 

Proof. By virtue of the system of identities (1.7) 

d Xt _F 1 ( k x) = u 1 ( k x)<pj( k x) for all k x G G k , £ = 1, . . . , k, 7 = 1, . . . , q. 
Therefore the Jacobi's matrix 

j(F 7 ( fe x); k x) = ||/x 7 ( fe x)^( fe x)|| gxfe for all k x G G k . 

Since the vector functions (1.11) are not linearly bound on the domain G k the rank of 
Jacobi's matrix rank j(i^ 7 ( fc x); k x) = q for all k x from the domain G k perhaps with the 
exception of point set of k- dimensional zero measure. So the general integrals (1.13) of the 
Pfaffian equations (1.12) are functionally independent on the domain G k . ■ 

The Theorem 1.3 (taking into account the Theorem 1.2) let us to find a quantity of func- 
tionally independent (n — k) -cylindrical first integrals of system (d). 

1.2. First integrals of s -nonautonomous completely solvable 
total differential systems 

Definition 1.2. We'll say that system (TD) is s -nonautonomous if all functions- 
elements Xij : II — > K, i = 1, . . . , n, j = 1, . . . , m, of the matrix X depend on x and only 
on s, ^ s ^ m, independent variables ti, . . . , t m . 

Without loss of generality we'll consider that the s-nonautonomous system (TD) has such 
the functions-elements Xij : U — > K, i = 1, . . . , n, j = 1, . . . , m, of matrix X that depend 
only on x and on first s independent variables ti, . . . ,t s , that is, 

dx = X( s t,x)dt, (TDs) 

where s t = (t±, . . . , t s ), dt = colon (dt\, . . . , dt m ), dx = colon (dxi, . . . , dx n ), n x m matrix 
X( s t,x) = ||X^-( s t,x)|| has holomorphic elements X^: ( s t,x) -» Xij(H,x) V(% x) G IP +n , 

1 = 1, . . . , n, j = 1, . . . , m, the domain J[ s+n C K s+n , < s ^ m < n. 

Under s = the system (TDs) is the autonomous system (ATD). 
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Definition 1.3. We'll say that a first integral F on a domain li' C II of system (TD) is 
s-nonautonomous if the function F depends on x and only on s, ^ s ^ m, independent 
variables t±, . . . , t m . 

If s = 0, then an s-nonautonomous first integral of system (TD) is an autonomous first 
integral of system (TD). 

Let S X be the matrix which is formed from the nx m matrix X( s t,x) by deletion of 
first s columns. 

Theorem 1.4. If the rank of matrix s X( s t,x) of the completely solvable system (TDs) 
is equal to r on the domain IP +n , then it has on this domain exactly n — r functionally 
independent s-nonautonomous first integrals F^ : H s+n — > K, 7 = 1, . . . , n — r. 

Proof. Let x: t — > x(t; C) for all t G T C K m be the solutions to the completely solvable 
system (TDs). 

Without loss of generality we'll consider that the first r rows of the functional matrix S X 
form the matrix of rank r (one can always get that by renumbering of dependent variables). 
Then, the first r components x v I = 1, . . . , r, of the solutions are functionally independent 
on the domain T relative to variables t%, £ = s + 1, . . . , m, and the rest components x p , p = 
= r + 1, . . . , n, of the solutions are functionally dependent on first r components on the 
domain T relative to variables t%, £ = s + 1, . . . , m. So 

Xp (t) = $ p ( s t, k x(t);C) forallteT, p = r + l,...,n, 

where k x = (x\, . . . , Xk), and the functions $ p : T — > K, p = r + 1, . . . , n, are holomorphic. 

Taking into account the functional independence of functions x t , I = l,...,r, relative 
to t s+ i, . . . ,t m on the domain T from the equalities x l = x ; (t;C), I = l,...,r, x p = 
= & p ( s t, h x; C), p = r + 1, . . . , n, by fixation of arbitrary vector C by means of vectors 
C* = {o~iiC\, . . . , Si n C n ), i = l,...,n, where <5y is a Kronecker symbol, we find r not s- 
nonautonomous and n—r s-nonautonomous functionally independent on the domain II' C II 
first integrals of the system (TDs). ■ 

Let's pay attention to coordination relative to independent variables t±,...,t s between 
s-nonautonomy of system (TDs) and s-nonautonomy of first integrals in Theorem 1.4. 

Theorem 1.5 and Theorem 1.6 are the corollaries of Theorem 1.4 for the autonomous total 
differential systems. 

Theorem 1.5. The completely solvable system (ATD) has exactly n — r, where r = 
= rankX(x) for all x € G', functionally independent on the domain G'cG autonomous 
first integrals. 

Theorem 1.6. The completely solvable system (ATD) does not have the autonomous 
first integrals if and only if rankX(x) = n for all x from the domain G perhaps with the 
exception of point set of n-dimensional zero measure. 

Example 1.2. The completely solvable total differential system 

dxi = dti, dx 2 = dt 2 , dx 3 = d Xl g(xi,x 2 )dti+d X2 g(xi,X2)dt 2 , (1-14) 

where a holomorphic scalar function g: G — > K, GcK 2 , has n — r = 3 — rank X (x) = 3 — 2 = 
= 1 autonomous first integral F: x — > g(xi,X2) — X3 for all x G G = G x K (Theorem 1.5). 
The functionally independent first integrals 

Fi : (t, x) — > t\ — xi for all (t, x) <G II, F 2 : (t, x) — > *2 — %2 for all (t, x) G II, 

F 3 : (t,x) ->5(xi,x 2 ) -x 3 for all (t, x) G n ( L15 ^ 

forms an integral basis on the domain II = K 3 x G of system (1.14). 
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1.3. Autonomy and cylindricality of first integrals for total differential system 

Definition 1.4. We'll say that a first integral F on a domain li' C IT of system (TD) is 
(n — k) -cylindrical if the function F depends on t and only on k, ^ k ^ n, dependent 
variables X\, . . . , x n . 

Let's define the problem of existence for system (TD) an s-nonautonomous (n — k)- 
cylindrical first integral 

F: (t,x) -> F( s t, k x) for all (t, x) G n' C II, s t = (t u . . . ,t s ), k x = {x u . . . , x k ). (1.16) 

1.3.1. Necessary condition of existence of s-nonautonomous (n — fc)-cylindrical 
first integral. According to the definition of first integral, the function (1.16) will be the 
first integral on the domain II' C II of system (TD) if and only if 

sk XjF{ s t, k x) = for all (t, x) € IT, j = 1, . . . , m, (1.17) 

where the linear differential operators of first order 

k 

sk 3L e (t, x) =d t0 + J2 X&it, x)d X£ for all (t,x)eU, 0=1,...,*, 

(1.18) 

k 

8k X v (t,x) = X^ v (t,x)d x for all (t, x) G II, u = s + 1, . . . , m. 

Concerning the sets of functions k M e = {l, X w (t, x), . . . , X ke (t, x)}, 6 = 1, . . . , s, k M v = 
= {X lu (t, x), . . . , X ku (t, x)}, v = s+1, . . . , m, the system of identeties (1-17) means that: the 

functions of each set k Mj, j = 1, . . . , m, are linearly dependent with respect to independent 
variable on the domain II' under any fixed values of independent variables f 7 , 7 = 
= 1, . . . , m, 7 / £, and dependent variables Xj, i = 1, . . . , n; and the functions of each set 
k Mj, j = 1, ...,m, are linearly dependent with respect to dependent variable x p on the 
domain II' under any fixed values of independent variables i 7 , 7 = 1, . . . , m, and dependent 
variables Xj, i = 1, . . . , n, i 7^ p. It holds true under each fixed index £ = s + 1, . . . , m and 
under each fixed index p = k + 1, . . . , n. 

Therefore the Wronskians of each set k Mj, j = l,...,m, with respect to independent 
variables t^, ( = s + 1, . . . , m, and dependent variables x p , p = k+1, . . . ,n vanish identically 
on the domain II', that is, the system of identities 

W t( (l, k X e (t,x)) = for all (t, x) G II', 9 = 1, . . . , s, C = s + 1, . . . , m, 

W^X^x)) =0 for all (t, x) G II', ^ = s + 1, . . . , m, C = s + 1, . . . , m, 

(1.19) 

W Xp (l, k X e (t,x)) = for all (t,x) G n', = 1, . . . , s, p = k + 1, . . . , n, 
W^X^x)) = for all (t, x) G IT, v = s + 1, . . . , m, p = k + 1, . . . , n, 

is satisfied. Here vector functions k X J ' : (t,x) — > x), . . . , Xkj(t, x)) for all (t,x) G n, 

j = l,...,m, W( c and W Xp are correspondingly the Wronskians with respect to and 
x P , C = s + 1, . . . , m, p = k + 1, . . . , n. 

So the necessary test of existence of s-nonautonomous (n — k) -cylindrical first integral 
for total differential system is proved. 

Theorem 1.7. The system of identities (1-19) is a necessary condition of existence of 
s-nonautonomous (n — k) -cylindrical first integral (1.16) for system (TD). 
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1.3.2. Criterion of existence of s-nonautonomous (n — k) -cylindrical first 
integral. Let n x m matrix X of system (TD) satisfies the conditions (1.19). Let's write 
the functional system 

ij e + k X e (t,x) k if = 0, = 1,. ..,8, 
& k X e (t,x) V = 0, 9 = 1,. ..,8, ( = s + l,...,m, e = l,...,fc, 

3l p k X e {t,x) V = 0, 0= l,...,s, p = k+l,...,n, e= l,...,fe, 

k X v (t,x) k ip = 0, i/ = s + l,...,m, (1.20) 
Of fc A""(t, x) fc y? = 0, i/ = s + 1, . . . , m, C = s + 1, . . . , m, £ = 1, . . . , k - 1, 

d| p k X v (t, x) V = 0, i/ = s + 1, . . . , m, p = k + 1, . . . , n, £ = 1, . . . ,k — 1, 

where the vector functions s tp: (t,x) — > (ipi{ s t, k x), . . . , ip s ( s t, k x)) for all (t, x) G IT' and 
k ip: (t,x) — > ((/9 1 ( s t, fe x), . . . , (/9 fc ( s t, fc x)) for all (t, x) Gil' are unknown, the vector functions 
k X j : (t,x) -> (Xij(t,x), . . . ,X fej (i,x)) for all (t, x) G LT, j = 1, . . . , m, ^ k ^ n. Let's 
introduce a Pfafnan equation 

s ^j( s t, k x) d s t + k cp( s t, k x) d k x = 0. (1.21) 

Theorem 1.8 (criterion of existence of s-nonautonomous (n — k) -cylindrical £rst integral 
for total differential system) . For system (TD) to have s-nonautonomous (n — k)- cylindrical 
first integral (1.16) it is necessary and sufficient that there exist the vector functions s ip and 
k ip, satisfying functional system (1.20), such that the function (1.16) is the general integral of 
the Pfaffian equation (1.21) on the domain U s+k which is the natural projection of domain 
IT' on coordinate subspace O s t k x. 

Proof. Necessity. Let system (TD) has the s-nonautonomous (n — A;) -cylindrical first 
integral (1.16) on the domain IT'. Then, the identities (1.17) are satisfied: 

k 

d te F(% k x) + Y,X^(t,x)d x F(% k x)=0 for all (*,*)€ II', = 1,...,*, 

k 

X £v (t, x)d x F( s t, k x) = for all (t,x)eW, v = s + 1, . . . , m. 

By differentiating the first s of this identities k times with respect to t s +i, . . . ,t m and 
k times with respect to Xk+i, ... ,x n and by differentiating the rest m — s identities k — 1 
times with respect to t s+ \,...,t m and k — 1 times with respect to x&+i , . . . , x n we conclude 
that the extensions on the domain LT' of the functions s if): ( s t, k x) — > ds t F( s t, k x) for all 
( s t, k x) £ LT s+fc and k <p: { s t, k x) -» d kx F( s t k x) for all ( s t, k x) G U s+k is a solution to the 
functional system (1.20), where operators d 3t = (d^, ■ ■ ■ ,dt 3 ), d kx = (d Xl , . . . , d Xk ). 

Prom this it also follows that the function (1.16) is a general integral on the domain IP +fc 
of the Pfaffian equation (1.21). 

Sufficiency. Let vector functions s tp: (t,x) — > s if;( s t, k x), k (p: (t,x) — > k (p( s t, k x) for all 
(t,x) G II' be the solution to the system (1.20) and the Pfaffian equation (1.21) which is 
constructed on its base has the general integral (1.16) on the domain U s+k c K s+fe . Then, 
the system of identities 

ds t F( s t, k x) - fi( s t, k x) s ii( s t, k x) = V(% k x) G n s+fc , 

(1-22) 

d kx F( s t, k x) - n("t, k x) k <p{% k x) = V( s t, k x) G U s+k , 
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is satisfied, where fi: ( s t, k x) — > n( s t, k x) for all ( s t, k x) G IF +fc is a holomorphic integrating 
multiplier of the Pfafnan equation (1.21) which corresponds to its general integral (1.16) on 
the domain TL s+k . 

Taking into account that the functions s t/j, k (p are the solution to the functional sys- 
tem (1.20) we receive the system of identities (1.17). Therefore the function (1.16) is an 
s-nonautonomous (n — k) -cylindrical first integral on the dimain II' of system (TD). ■ 

For example, the integral basis (1.15) of the autonomous completely solvable total dif- 
ferential system (1.14) (Example 1.2) consists of the autonomous first integral F 3 and two 
1-nonautonomous 1-cylindrical first integrals F\ and i*2- 

Example 1.3. The autonomous total differential system 

dx\ = X\ dt\ + 3xi dt-2, dx2 = (1 + X\ + 2x2) dt\ + {x\ + 3x2) <^2 (1-23) 
is not completely solvable since the Poisson bracket 

[j£i(t, x), j£ 2 (i, x)] = (3 — xi)d X2 = Xi2(t, x) for all (t,i) El 4 
of induced by system (1.23) linear differential operators 

£i(t,x) = d tl + Xl d xi + (1 + xi + 2x 2 )^ 2 for all (t,x) G K 4 , 
X 2 (t, x) = d t2 + 3 Xl d Xl + (xi + 3x 2 )d X2 for all (t, x) G K 4 

is not the null operator on the any domain from the space K 4 . 

By the Frobenius' theorem the system (1.23) doesn't have the solutions. 

The associated to the system (1.23) incomplete normal linear homogeneous system of 
partial differential equations 

Xi (t, x)y = 0, X 2 (t, x)y = 

can be reduced to the complete system on the space K 4 by the addition of single equation 
Xu(t,x)y = 0. Therefore this system has the defect (5 = 1 and an integral basis of system 
(1.23) consists of n — 5 = 2 — 1 = 1 first integral. 

The system (1.23) is autonomous, but according to Theorem 1.4 it has no autonomous 
first integral. Indeed, the system of identities (1.19) are not satisfied, because, for example, 
the Wronskian 



W X1 (1 + xi + 2x 2 , xi + 3x 2 ) 



1 + Xi + 2x 2 Xi + 3x 2 

1 1 



= 1 - x 2 for all (t, x) G K 4 



does not vanish identically on the any domain from the space K 4 . 
Let's find a 1-cylindrical first integral 

F: (t, x) — > F(t, xi) for all (t, x) G II' C K 4 (1.24) 

of system (1.23). 

The Wronskians of the sets of functions l M\ = {l,xi} and 1 M2 = {l,3xi} with respect 
to X2 vanish identically on the space K 4 . Therefore the necessary conditions (Theorem 1.7) 
of existence of 1-cylindrical first integral (1.24) for system (1.23) are satisfied. 

The functional system (1.20) consists of two equations 

V>i + xi tpi = 0, V>2 + 3xi <Pi = 0. 
Its solution, for example, is 

V>i : (t, x) — > xi, i\)2 '■ (t, x) — > 3xi, if \ : (t, x) — > — 1 for all (t, x) G K 4 . 



The Pfaffian equation which is constructed on the base of this solution 
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xi dt\ + 3xi dt2 — dx\ = 

has the general integral F: (t, x{) — ► x\ e < -* 1+3 * 2 - ) for all (t, ii) e I 3 . 

Therefore the system (1.23) on the space K 4 has 1-cylindrical first integral 

F : (t, x) -> Xl e - (tl+3 * 2) f or a ii x ) G K 4 . 

This 1-cylindrical first integral forms the integral basis on the space K 4 of system (1.23). 

1.3.3. Functionally independent s-nonautonomous (n — fc)-cylindrical first 
integrals. 

Theorem 1.9. Let the functional system (1-20) has q not linearly bound on the domain 
n'cll solutions 

s ip~>: (t,x) -» s ^( s t, k x) for all (t, x) G II', j=l,...,q, 

(1.25) 

V: (t,x) -» k <p*( a t, k x) for all (t, s) € n', 7 = l,...,fl, 

anc? i/ie Pfaffian equations 

s ^( s t, k x) d s t + k ^( s t, k x) d k x = 0, 7 = l,...,g, (1.26) 

which are constructed on the base of this solutions have correspondingly general integrals 

F 7 : ( s t, k x) -» F 7 (*t, fc x) for all (% fc x) € n s+fc C 7 = 1, . . . , q, (1.27) 

on the domain H s+k which is the natural projection of domain II' on coordinate subspace 
O s t k x. Then, this general integrals are functionally independent on the domain II s+fc . 
Proof. By virtue of the system of identities (1-22) 

ds t F 1 ( s t k x) = n 1 ( s t k x) s ^{ s t k x) for all ( s t, k x) G fP +fc , 7 = l,...,g, 

d kx F 1 ( s t k x)= ii 1 (% k x) k ^( s t k x) for all ( s t, k x) G n s+fe , 7 = l,..., g . 

Therefore the Jacobi's matrix 

j(F J ( s t, k x); s t k x) = \\^( s t, k x)<5>{ s t, k x)\\ for all (% fc x) G rj> +fc , 

where the matrix ||^$|| consists of ?xs matrix k x) = ||^ 7 ( s t, fe x) t/jJ fc x)|| for all 

( s t, fc i)en s+t and qxk matrix $(% fc x) = \\^{% k x) <p]{ s t, k x)\\ for all ( s t, k x) G n s+fc . 

Since the vector functions (1.15) are not linearly bound on the domain Yl s+k the rank of 
Jacobi's matrix rank j(F 7 ( s i, k x); s t, k x) =q for all ( s t, k x) from the domain TL s+k perhaps 
with the exception of point set of (s + A;) -dimensional zero measure. So the general integrals 
(1.27) of the Pfaffian equations (1-26) are functionally independent on the domain Il s+k . ■ 

The Theorem 1.9 (taking into account the Theorem 1.8) let us to find a quantity of 
functionally independent s-nonautonomous (n — k) -cylindrical first integrals of system (TD). 



2. Cylindricality and autonomy of last multipliers 

2.1. Cylindricality of last multipliers for linear homogeneous system 
of partial differential equations 

Definition 2.1. We'll say that a last multiplier \i on a domain G' C G of system (d) is 
(n — k)- cylindrical if the function \x depends only on k, ^ k ^ n, variables x±,..., x n . 
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Let's define the problem of existence for system (d) an (n — k) -cylindrical last multiplier 
fj,: x — > fi( h x) for all x G G' C G, fc x = (xi, . . . , x fc ). (2.1) 

2.1.1. Necessary condition of existence of cylindrical last multiplier. According 
to the definition of last multiplier, the function (2.1) will be the last multiplier on the domain 
G' C G of system (d) if and only if 

k £ j fi( k x) + n( k x) divu j (x) = for all x G G', j = 1, . . . , m, (2.2) 

where the linear differential operators of first order k £j, j = 1, . . . ,m, are defined by means 
of (1.3), the vector functions u 3 ' : x — > (u j:L (x), . . . , Uj n (x)) for all x G G, j = 1, . . . , m. 
The system of identities (2.2) in the coordinates is given by 

k 

^2 u j^( x )d x fJ-( k x) + n( k x)divu j (x) = for all x G G', j = l,...,m. (2.3) 

Concerning the sets of functions fc Z?j = {^(x), . . . , u- k (x), divu J (x)}, j = 1, . . . , m, the 
system of identeties (2.3) means that the functions of each set k Dj, j = 1, . . . , m, are linearly 
dependent with respect to variable x p on the domain G' under any fixed values of variables 
Xi, i = I, . . . ,n, i p. It holds true under each fixed index p = k + 1, . . . , n. Therefore the 
Wronskians of each set k Dj, j = 1, . . . , m, with respect to variables x p , p = k + 1, . . . , n, 
vanish identically on the domain G', that is, the system of identities 

W x divu J (x)) = for all x G G", j = 1, . . . , m, p = k + 1, . . . , n, (2.4) 

is satisfied. Here the vector functions k u J : x — > (u^x), . . . ,u- fc (ar)) for all x G G, j = 
= 1, . . . , m, and W Xp are the Wronskians with respect to x p , p = A; + 1, . . . , n. 

So the necessary test of existence of (n — k) -cylindrical last multiplier for linear homoge- 
neous system of partial differential equations is proved. 

Theorem 2.1. The system of identities (2.4) is a necessary condition of existence of 
(n — k) -cylindrical last multiplier (2.1) for system (d). 

2.1.2. Criterion of existence of cylindrical last multiplier. Let the m x n matrix 
u(x) = \\uj i (x)\\ for all x G G of system (d) satisfies the conditions (2.4). Let's write the 
functional system 

k u J (x) k (p = — divu J (x), j = 1, . . . ,m, 

(2.5) 

®i p ku K x ) V = - <9f p divu J '(x), j = 1,... ,m, p = k + l,...,n, £ = 1, . . . , k - 1, 

where a vector function k (p: x — > ((/3i( fe x), . . . , tpk( k x)) for all x G G' is unknown, the vector 
functions : x — ► (u^x), . . . , u - fe (x)) for all x G G, j = 1, . . . , m. 

Theorem 2.2 (criterion of existence of (n — k) -cylindrical last multiplier for linear homo- 
geneous system of partial differential equations). For system (d) to have (n — k)- cylindrical 
last multiplier (2.1) it is necessary and sufficient that there exists a vector function k tp, sat- 
isfying functional system (2.5), such that the Pfaffian equation (1.6) which is constructed on 
the base of this vector function is exact on the domain G k which is the natural projection of 
domain G' on coordinate subspace O k x. At that, the last multiplier (2.1) of system (d) is 

fi: x -> exp J k (f( k x) d k x for all x G G' . (2.6) 

Proof. Necessity. Let system (d) has the (n — A;) -cylindrical last multiplier (2.1) on the 
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domain G' . Then, the system of identities (2.3) is satisfied. By means of termwise division 
of every identity (2.3) by fi( k x) we get a new system of identities 

k 

Uj^(x)d x In fi( k x) + divu j (x) = for all x G G C G', j = 1,... ,m. 

By differentiating this identities k — 1 times with respect to x p , p = k + 1, . . . , n, we 
conclude that an extension on the domain G' Q of the vector function 

V k x -» In /x( fc x), . . . , In ^( fc x)) for all k x G G fc C (2.7) 

is a solution to the functional system (2.5). 

The Pfaffian equation (1.6) which is constructed on the base of the vector function (2.7) 
is exact on the domain Gq. 

Prom (2.7) it follows that (n— /c) -cylindrical last multiplier [i of system (d) is constructing 
on the domain Gq on the base of solutions to the system (2.5) by formula (2.6). 

By restriction the domain G' to its codomain Gq we conclude that the necessary condi- 
tion of Theorem 2.2 is satisfied. 

Sufficiency. Let the vector function k ip be a solution to the functional system (2.5) and 
the Pfaffian equation (1.6) which is constructed on its base is exact on the domain G k C K k . 
Then, the identities 

d X( J k f( k x) d k x = f^( k x) for all k x G G k , £ = 1, ...,fc, 

are satisfied. 

Taking into account that the vector function k tp is a solution to the functional system 
(2.5) we receive the system of identities (2.2) for the function (2.6). 

Hence, the function (2.6) is an (n — k) -cylindrical last miltiplier of system (d). ■ 
Example 2.1. Consider the linear homogeneous system of partial differential equations 

£i(z)y = 0, £ 2 (x)y = 0, (2.8) 

where the linear differential operators of first order 

£i(x) = x\X2d Xl + x\x^d X2 + £1X4$^ + x\d Xi for all x € M 4 , 

£2(2) = xiX3d xl + x\X4d X2 + x\d X3 + x\d XA for all x G R 4 . 

Let's find for system (2.8) a 3-cylindrical last multiplier 

for all xfG'c M 4 . (2.9) 

The divergences 

divu x (x) = div£i(x) = d xl {x\X2) + d X2 (x\Xs) + d x . A (xix^) + d X4 x\ = x 2 for all x G M 4 , 

divK 2 (x) = div£2(x) = d Xl (x±xz) + d X2 (X1X4) + d Xs x\ + d XA x\ = x 3 f° r & H x ^ 

The Wronskians of the sets of functions l D\ = {21x2, £2} and l D 2 = {xiX3,X3} with 
respect to x 2 , X3, and X4 vanish identically on the space M 4 : 

= 0, W X3 (xix 2 , x 2 ) = W X4 (xiX2, X2) = for all x G M 4 , 



W X2 (xix 2 , x 2 ) 



X\X 2 x 2 
Xl 1 
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W X2 (xix 3 , x 3 ) = 0, W X3 (xix 3 , x 3 ) = 

Therefore the necessary conditions (Theorem 2.1) of existence of 3-cylindrical last multi- 
plier (2.9) for system (2.8) are satisfied. 
Let's write the functional system 

X 1 X 2 (pi= -X2, XiX 3 (p!= -X3, Xi(pi= -1. 

for all x G M 4 \{x: x x = 0}. 

— for all xi G M\{0} (C > 0), 

the function fi: x — > —\/x\ for all xfG'c M 4 \{x: Xi =0} is a 3-cylindrical last multiplier 
of system (2.8) (Theorem 2.2). 

2.1.3. Functionally independent cylindrical last multipliers. The method which 
is proposed in Theorem 2.2 can be used to construct the functionally independent (n — k)- 
cylindrical last multipliers of system (d). 

Theorem 2.3. Let the functional system (2.5) has q not linearly bound on the domain 
G' C G solutions (1.11) and the corresponding Pfaffian equations (1.12) are exact on the 
domain G k which is the natural projection of domain G' on coordinate subspace O k x. 
Then, the (n — k) -cylindrical last multipliers of system (d) 

fi y : x -> exp J k ip 1 ( k x) d k x for all x G G', 7 = 1, . . . , q, 

are functionally independent on the domain G' . 

Proof. From Theorem 2.2 it follows that the last multipliers u^, 7 = 1, . . . ,q, of system 
(d) are of indicated structure. 

From representations 

d x ^ ln// 7 ( fe x) = ipj( k x) for all k x G G k , £ = 1, . . . , k, 7 = 1, . . . , q, 
it follows that the Jacobi's matrix 

J(ln / Li 7 ( fc x); k x) = ||^( fca; )||g Xfc for all k x G G k . 

Since the solutions (1.11) to the functional system (2.5) are not linearly bound on the 
domain G' the rank of Jacobi's matrix rank j(ln/x 7 ( fc x); k x) = q nearly everywhere on the 
domain G k . 

So the (n — k) -cylindrical last multipliers /tx 7 , 7 = 1, . . . , q, of system (d) are functionally 
independent on the domain G'. M 

2.2. Autonomy and cylindricality of last multipliers for 
total differential system 

Definition 2.2. We'll say that a last multiplier n on a domain II' C II of system 
(TD) is s-nonautonomous if the function ji depends on x and only on s, ^ s ^ m, 
independent variables t±, . . . ,t m . If s = 0, then a last multiplier \x: (t,x) —> fi(x) for all 
(t, x) G II' of system (TD) is autonomous. 

Definition 2.3. We'll say that a last multiplier u on a domain II' C II of system (TD) 
is (n — k) -cylindrical if the function // depends on t and only on k, ^ k ^ n, dependent 
variables x±, . . . , x n . 
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Let's define the problem of existence for system (TD) an s-nonautonomous (n — k)- 
cylindrical last multiplier 

At: (t,x) -> fi( s t, k x) for all (t, x) G II' C II, s t = (h, . . . ,t s ), k x = (x u . . . , x k ). (2.10) 

2.2.1. Necessary condition of existence of s-nonautonomous (n — fc)-cylindrical 
last multiplier. According to the definition of last multiplier, the function (2.10) will be the 
last multiplier on the domain II' C II of system (TD) if and only if 

8k XjH( 8 t, k x) + ii(% k x)dxv x Xi(t,x) = for all (t,x) G IT, j = l,...,m, (2.11) 

where the linear differential operators of first order sk Xj, j = 1, . . . , m, are defined by means 
of (1.18), the vector functions X 3 ' : (t,x) — > (Xij(t, x), . . . , X n j(t, x)) for all (t, x) G II, j = 

n 

= 1, . . . , m, the divergence div x X J (t, x) = ^2 d Xi X i -{t, x) for all (t, x) G II, j = 1, . . . , m. 

i=l 

The system of identities (2.11) in the coordinates is given by 
k 

d tg n(% k x) + X & (t, x)d x ^{% k x) + »(% k x) div x X d (t, x) = for all (t, x) G n', 
5=1 

k 

x ^(t, x)d x n( s t, k x) + n( s t, k x) d\v x X u {t, x) = for all (t, x) G IT, (2.12) 

5=1 

6 = 1,. ..,s, v = s + 1, . . . ,m. 

Concerning the sets of functions k B e = {l, X ±e (t, x), . . . , X kd (t, x), dw x X 9 (t, x)} , = 

= l,...,s, fc 5 l/ = {X lu (t,x), . . . ,X ku (t,x), div x X u (t,x)}, v = s + 1, . . . ,m, the system 

of identeties (2.12) means that: the functions of each set k Bj, j = 1, ...,m, are linearly 
dependent with respect to independent variable on the domain II' under any fixed values 
of independent variables t 7 , 7 = 1, . . . , m, 7 7^ (, and dependent variables Xi, i — 1, • • • , Tl' : 
and the functions of each set k Bj, j = 1, ...,m, are linearly dependent with respect to 
dependent variable x p on the domain II' under any fixed values of independent variables 
ty, 7 = 1, . . . , m, and dependent variables Xj, i = 1, . . . , n, i 7^ p. It holds true under each 
fixed index ( = s + 1, . . . ,m and under each fixed index p = k + 1, . . . , n. 

Therefore the Wronskians of each set k Bj, j = l,...,m, with respect to independent 
variables t^, ( = s+1, . . . ,m, and dependent variables x p , p = k+1, . . . , n vanish identically 
on the domain II', that is, the system of identities holds: 

W t (1, k X e (t, x), div x X e (t, x)) =0 for all (t, x) G II', 9 = 1, . . . , s, ( = s + l,...,m, 

W t ( fc A^(t, x), div x A^(£, x)) = for all (t, x) G II', 1/ = s + 1, . . . , m, ( = s + l,..., m, 

(2.13) 

W Xp (l, k X e (t,x), div x X e (t,x)) =0 for all (t,x) eW, 6 = 1, . . . , s, p = k + 1, . . . , n, 
W Xp ( k X u (t, x), div x X u (t, x)) = for all (t, x) G II', 1/ = s + 1, . . . , m, p = k + 1, . . . , n, 

where the vector functions k X J : (t,x) — > (Xij(t, x), . . . , X^jit, x)) for all (t, x) G II, j = 
= 1, ...,m, Wj c and W Xp are correspondingly the Wronskians with respect to tf and 
x p , ( = s + 1, . . . , m, p = k + 1, . . . , n. 

So the necessary test of existence of s-nonautonomous (n — k) -cylindrical last multiplier 
for total differential system is proved. 
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Theorem 2.4. The system of identities (2.13) is a necessary condition of existence of 
s-nonautonomous (n — k) -cylindrical last multiplier (2.10) for system (TD). 

2.2.2. Criterion of existence of s-nonautonomous (n — fc)-cylindrical last mul- 
tiplier. Let the nx m matrix X of system (TD) satisfies the conditions (2.13). Let's write 
the functional system 

il>e + k X e (t,x) k tp= -dw x X e (t,x), 9 = 1,..., s, 

df k x e (t, x ) k <p= -of div x x 9 (t, x ), e = i,..., s , ( = s + i,...,m, e = i,...,fc + i, 

8l v k X e {t,x) k ip= -df p div x X%t,x), 0=1,. p = k+l,...,n, e = l,...,fc + l, 

k X u {t,x) k ip = -dw x X u (t,x), u = s + l,...,m, (2.14) 
df k X u (t,x) k ip= -df dw x X v (t,x), u = s + l, ...,m, ( = s + l,...,m, £=l,...,k, 

dl p k X»{t,x) V= -dt p div x X v (t,x), v = s + l,...,m, p = k + l,...,n, £ = l,...,k, 

where the vector functions s tp: (t,x) — > (ipi( s t, k x), . . . , ip s ( s t, k x)) for all (t, x) G IT' and 
k ip: (t,x) —> (^ip 1 ( s t, k x), . . . , ip k ( s t, k x)) for all (t,x) € IT' are unknown, the vector func- 
tions X^ : (t, x) — > (Xij(t, x), . . . , X n j(t, x)) for all (t, x) € IT, j = 1, . . . , m, and the vector 
functions k X^ : (t, x) —> (Xij(t, x), . . . , Xkj(t, x)) for all (t, x) £ II, j = 1, . . . , m. 

Theorem 1.8 (criterion of existence of s-nonautonomous (n — k) -cylindrical last mul- 
tiplier for total differential system). For system (TD) to have s-nonautonomous (n — k)- 
cylindrical last multiplier (2.10) it is necessary and sufficient that there exist the vector func- 
tions s t/i and k (p, satisfying functional system (2.14), such that the Pfaffian equation (1.21) 
which is constructed on the base of this vector functions is exact on the domain H s+k which 
is the natural projection of domain IT' on coordinate subspace O s t k x. At that, the last 
multiplier (2.10) of system (TD) is 

fi: (t,x) -> exp g( s t, k x) for all (t,x) G IT, (2.15) 

where 

g:( s t, k x)^ J s iP( s t, k x) d s t + k ip( s t, k x) d k x for all ( s t, k x) G Tl s+k . (2.16) 

Proof. Necessity. Let system (TD) has the s-nonautonomous (n — k) -cylindrical last 
multiplier (2.10) on the domain IT'. Then, the identities (2.12) are satisfied. By means of 
termwise division of every identity (2.12) by [i( s t, k x) we get a new system of identities 

k 

d tg ln fi( s t, k x) + Y^ X £g (t,x)d x lnfi( s t, k x) + div x X e {t,x) = for all (t,x)eW , = 1,..., a, 
5=1 * 

k 

^2 X^(t, x)d x In fi( s t, k x) + div x X"(t, x) = for all (t, x) eW cW, v = s + 1, . . . , m. 

€=i ^ 

By differentiating the first s of this identities k times with respect to t s+ ±, . . . ,t m and 
k times with respect to Xk+i, ... ,x n and by differentiating the rest m — s identities k — 1 
times with respect to t s+ i,...,t m and k — 1 times with respect to x k +i, ■ ■ ■ , x n we conclude 
that the extensions on the domain IIq of the functions 
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s ip : ( s t, k x) -> d H In fi( s t, k x) for all {% k x) G U s +k C K s+k , 

(2.17) 

k ip: ( s t k x) -» <9 fc;c In /x(% fc x) for all (% G ng +fc , 

is a solution to the functional system (2.14). 

The Pfaffian equation (1.21) which is constructed on the base of the functions (2.17) is 
exact on the domain Yl^ +k . 

Prom (2.17) it follows that s-nonautonomous (n — k) -cylindrical last multiplier fi of 
system (TD) is constructing on the domain IIq on the base of solutions to the functional 
system (2.14) by formula (2.15) with (2.16). 

By restriction the domain II' to its codomain IIq we conclude that the necessary condi- 
tion of Theorem 2.5 is satisfied. 

Sufficiency. Let the vector functions s tp and k ip be a solution to the functional system 

(2.14) and the Pfaffian equation (1.21) which is constructed on its base is exact on the domain 
n o s+fc C K s+k . Then, 

d H g( s t, k x) = s ip( s t, k x) for all {H, k x) G U 3+k , 
d kx g( s t, k x) = k ip( s t, k x) for all (% k x) G U s+k . 

Taking into account that the vector functions s tp and k ip are a solution to the functional 
system (2.14) we receive that the system of identities (2.11) is satisfied ralative to the function 

(2.15) with (2.16). 

Therefore the function (2.15) with (2.16) is an s-nonautonomous (n — k) -cylindrical last 
multiplier of system (TD). ■ 

2.2.3. Functionally independent s-nonautonomous (n— fc)-cylindrical last mul- 
tipliers. The method which is proposed in Theorem 2.5 can be used to construct the func- 
tionally independent s-nonautonomous (n — A;) -cylindrical last multipliers of system (TD). 

Theorem 2.6. Let the functional system (2.14) has q not linearly bound on the domain 
II' solutions (1.25) and the corresponding Pfaffian equations (1.26) are exact on the domain 
II s+fc which is the natural projection of domain H' on coordinate subspace O s t k x. Then, 
the s-nonautonomous (n — k) -cylindrical last multipliers of system (TD) 

iu 7 : (t, x) -» exp J s ^(% k x) d s t + V( s t, d k x for all (t, x) G II', 7 = 1, . . . , q, 

are functionally independent on the domain IT. 

Proof. From Theorem 2.5 it follows that the last multipliers /i 7 , 7 = 1, . . . ,q, of system 
(TD) are of indicated structure. 

From representations 

d t lnu. 7 (H, k x) =ijP e { s t, k x) forall (% k x) G U 8+k , 9 = 1, . . . , s, 7 = 1, . . . , q, 

d x \n ^(H, k x) = ipj( s t, k x) for all ( s t, k x) G U s+k , £ = 1, . . . , k, 7 = 1, . . . , q, 

it follows that the Jacobi's matrix 

J(ln^{ s t, k x);% k x) = \\*( s t, k x) *>(% k x)\\ qx(s+k) for all (% k x) G U s+k , 

where the matrix \\^&\\ consists of qxs matrix ^f( s t, k x) = \\ip^( s t, k x)\\ forall ( s t, k x) G 
G fi s+fe and qxk matrix <S>( s t, k x) = \\<p*(% k x) \\ for all ( s t, k x) G W +k . 

Since the solutions (1-25) to the functional system (2.14) are not linearly bound on the 
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domain II' the rank of Jacobi's matrix rank j(ln / u 7 ( s t, k x); s t, k x) = q nearly everywhere 
on the domain H s+k . Therefore the s-nonautonomous (n — k) -cylindrical last multipliers 
/i 7 , 7 = 1, . . . ,q, of system (TD) are functionally independent on the domain II'. ■ 

3. Cylindricality and autonomy of partial integrals 

3.1. Cylindricality of partial integrals for linear homogeneous system 
of partial differential equations 

Definition 3.1. We'll say that a partial integral w on a domain G' C G of system (d) is 
(n — k) -cylindrical if the function w depends only on k, ^ k ^ n, variables x\, . . . , x n . 

Let's define the problem of existence for system (d) an (n — k) -cylindrical partial integral 
w: x — > w( k x) for all x G G' C G, k x = (xi, . . . , x k ). (3.1) 

3.1.1. Necessary condition of existence of cylindrical partial integral. Accord- 
ing to the definition of partial integral, the function (3.1) will be the partial integral on the 
domain G'cG of system (d) if and only if 

k £jW{ k x) = &j(x) for all x G G', j = 1, . . . ,m, (3.2) 

where the linear differential operators of first order k £j, j = 1, . . . , m, are defined by means 
of (1.3), the scalar functions 3>j : G' — ► IK, j = 1, . . . , m, are such that 

$,■(&) I =0 for all a; €G', j = l,...,m. (3.3) 

\w( h x)=0 

The system of identities (3.2) in the coordinates is given by 

k 

^ u^(x) d x w( k x) = $j(x) for all x G G', j = 1, . . . , m. (3.4) 

5=1 5 

Concerning the sets of functions k Uj = {u^x), . . . ,Uj k (x)}, j = 1, . . . , m, the system 
of identeties (3.4) with (3.3) means that the functions of each set k Uj, j = l,...,m, are 
linearly dependent with respect to variable x p on the integral manifold w( k x) = under 
any fixed values of variables Xi, i = 1, . . . , n, i ^ p. It holds true under each fixed index 
p = k + 1, . . . , n. Therefore the Wronskians of each set k Uj, j = 1, . . . , m, with respect to 
variables x p , p = k + 1, . . . , n, vanish identically on the integral manifold w( k x) = 0, that 
is, the system of identities holds: 

W Xp ( k ui(x)) = S jp (x) for all a; €G', j = 1, . . . , m, p = k + 1, . . . , n, (3.5) 

where the vector functions k v? : x — ► (uj^x), . . . , u- k {x)) for all x G G, j = 1, . . . , m, W Xp 
are the Wronskians with respect to x p , p = k + 1, . . . , n, the scalar functions G' — > K, 
j = 1, . . . , m, p = k + 1, . . . , n, are such that 

^iv( x )\ = f° r a ll 3; ^ C, 7 = 1, .... m, p = k + 1, . . . , n. (3.6) 

\w( k x)=0 

So the necessary test of existence of (n — k) -cylindrical partial integral for linear homo- 
geneous system of partial differential equations is proved. 

Theorem 3.1. The system of identities (3.5) with (3.6) is a necessary condition of exis- 
tence of (n — k) -cylindrical partial integral (3.1) for system (d). 

3.1.2. Criterion of existence of cylindrical partial integral. Let the mxn matrix 
u(x) = \\uj i (x)\\ for all x G G of system (d) satisfies the conditions (3.5) U (3.6). Let's write 
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the functional system 

k u j (x) k ip = Hj(x), j=l,...,m, 
d l p huj ( x ) k< P = d i p H j( x ), j = l,...,m, £=l,...,k-l, p = k+l,...,n, 

where a vector function k (p: x — > (ipi( k x), . . . , ipk( k x)) for all x £ G' is unknown, the vector 
functions k u J : x — > (u^or), . . . , « jfc (x)) for all x £ G, j = l,...,m, the scalar functions 
i/j : G' — > K, j = 1, . . . , m, are such that 

#,-(x)i =0 for all xGG', j = l,...,m. (3.8) 

l«l( fe 3;)=0 

Theorem 3.2 (criterion of existence of (n — k) -cylindrical partial integral for linear homo- 
geneous system of partial differential equations). For system (d) to have (n — k)- cylindrical 
partial integral (3.1) it is necessary and sufficient that there exists a vector function k ip and 
scalar functions Hj, j = l,...,m, with (3.8), satisfying functional system (3.7), such that 
the Pfaffian equation (1.6) has the general integral w: k x — > w( k x) for all k x G G k , where 
domain G k is the natural projection of domain G' on coordinate subspace O k x. 

Proof. Necessity. Let system (d) has the (n — k) -cylindrical partial integral (3.1) on the 
domain G' . Then, the system of identities (3.4) with (3.3) is satisfied. By differentiating this 
identities k — 1 times with respect to x p , p = k + 1, . . . , n, we conclude that an extension 
on the domain G' of the function 

k tp: k x — > (d Xl w( k x), . . . , d Xk w( k x)) for all k x G G k 

is a solution to the functional system (3.7) with (3.8). From this it also follows that the 
function (3.1) is the general integral on the domain G k C K k of the Pfaffian equation (1.6). 

Sufficiency. Let the vector function k ip: x — > k tp( k x) for all x G G' be a solution to the 
functional system (3.7) with (3.8) and the Pfaffian equation (1.6) which is constructed on its 
base has the general integral w: k x — > w( k x) for all k x G G k . Then, the system of identities 

d x w{ k x) - fi{ k x)ip^ k x) = for all k x G G k , £ = l,...,Jfe, (3.9) 

is satisfied. Here fi: k x — > fi( k x) for all fc x G G fc is the holomorphic integrating multiplier 
of the Pfaffian equation (1.6) which corresponds to its general integral w: k x — > t«( fc x) for 
all G G fc . 

Taking into account that the vector function k (p is the solution to the functional system 
(3.7) with (3.8) we receive the system of identities (3.4), where 

®j{x) = fi( k x)Hj(x) for all x G G', j = 1, . . . ,m. 

Therefore the function (3.1) is an (n — k) -cylindrical partial integral on the domain G' 
of system (d). ■ 

Example 3.1. Consider the linear homogeneous system of partial differential equations 

£ 1 (x)y = 0, £ 2 (.x)y = 0, (3.10) 
where the linear differential operators of first order 

fii(ar) = xi(x 2 + x 3 )d Xl + x 2 (x 2 + x 3 )d X2 + (x\ + x\ + x\ + x\)d X3 + (x\ -x\ + x\- x\)d X4 

for all x G K 4 , 

£ 2 = a:i(x 3 + x 4 )9 a , 1 + x 2 (x 3 + x^)d X2 + (x\ —x\ + x\ — x\)d x . A + (x\ + x\ + x\ + x^)^ 

for all x G K 4 . 
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Let's find for system (3.10) a 2-cylindrical partial integral 
w : x — > w(xi, x 2 ) for all x G G' C K 4 . 



(3-11) 



The Wronskians of the sets of functions 2 U\ = {xi(x 2 + X3),x 2 (x 2 + X3)} and 2 U2 = 
{xi(x3 + X4),X2(x3 + X4)} with respect to X3 and X4 vanish identically on the space K 4 : 



W X3 (Xl(x 2 + X 3 ),X 2 (x 2 + x 3 )) 



xi(x 2 +x 3 ) x 2 (x 2 +x 3 ) 
Xl x 2 



for all x G K 4 , 



W ;E4 (a:i(x2 + X3),x 2 (x 2 + X3)) = for all i£l 4 



W X3 (xi(x 3 + x 4 ),x 2 (x 3 + x 4 )) 



W X4 (xi(x 3 + x 4 ), x 2 (x 3 + x 4 )) 



xi(x 3 + x 4 ) x 2 (x 3 + x 4 ) 

Xl x 2 

xi(x 3 + x 4 ) x 2 (x 3 + x 4 ) 

Xl x 2 



for all x € K 4 , 



for all x G 



Therefore the necessary conditions (Theorem 3.1) of existence of 2-cylindrical partial in- 
tegral (3.11) for system (3.10) are satisfied. 

Let's write the functional system (3.7) with (3.8): 

Xl(x 2 + X3) (pi + X 2 (x 2 + X3) (p 2 = (Xl + X 2 )(x 2 + X3), Xl 991 + X 2 <p 2 = Xl + X 2 , 
Xi(x 3 + X 4 ) (pi + x 2 (x 3 + X 4 ) (p2 = (Xl + x 2 )(x 3 + X 4 ), Xl (pi + X 2 (f 2 = Xl + X 2 , 

where Hi{x) = (xi +x 2 )(x 2 +X3) for all x G K 4 , i? 2 (x) = (xi + x 2 )(x3 + X4) for all x G K 4 . 

On the base of solution tpi : x — > 1 for all x G K 4 , (^ 2 : x — > 1 for all x G K 4 to this 
system we construct the Pfaffian equation 

dxi + dx 2 = 

which is exact (the integrating multiplier /j,: (xi,x 2 ) — > 1 for all (xi,x 2 ) G IK 2 ) on the plane 
K 2 and has the general integral w: (xi,x 2 ) — > xi + x 2 for all (xi,x 2 ) G K 2 . 

By extension of the general integral on the space K 4 we get the 2-cylindrical partial 
integral w: x — > xi + x 2 for all x G K 4 of system (3.10). 

3.1.3. Functionally independent cylindrical partial integral. The method which 
is proposed in Theorem 3.2 can be used to construct the functionally independent (n — k)- 
cylindrical partial integrals of system (d). 

Theorem 3.3. Let h functional systems (3.7) with (3.8) has q not linearly bound on the 
domain G' C G solutions (1.11) and for each of them the corresponding Pfaffian equation 
(1.12) has the general integral 



w. 



: k x—> wJ k x) for all k x G G k C K k , 7 = 1, . . . , q, 



(3.12) 



on the domain G k which is the natural projection of domain G' on coordinate subspace 
O k x. Then, the general integrals (3.12) are functionally independent on the domain G k . 
Proof. In accordance with the system of identities (3.9) we have 

d x wJ k x) - fiJ k x)(pJ{ k x) = for all fc x G <5 fc , £ = 1, . . . ,k, 7 = 1, . . . , q. 



Therefore the Jacobi's matrix J(w 7 ( fc x); k x) = ||/x 7 ( fe x)<p' 



for all k x G G k . 



v " ' llcJXfc 

Since the vector functions (1.11) are not linearly bound on the domain G k the rank 
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of Jacobi's matrix rank j(w^( k x); k x) = q nearly everywhere on the domain G k . So the 
general integrals (3.12) of the Pfafnan equation (1.12) are functionally independent on the 
domain G k . ■ 

Example 3.2. The linear homogeneous system of partial differential equations 

£i(x)y = 0, £ 2 (x)y = 0, (3.13) 
which is constructed on the base of linear differential operators of first order 

A 3 

^(x) = V Xid x . for all x G K 5 , £ 2 (x) = £ x v d x + x\d Xi + xld for all x G K 5 , 
has the 4-cylindrical partial integrals 

for all i£l 5 , v = 1,2,3, 

as £jX„ = x v for all x G IK 5 , j = 1, 2, v = 1, 2, 3. 

Let's construct a basis of first integrals for system (3.13) on the base of this 4-cylindrical 
partial integrals. 

The system (3.13) is incomplete and can be reduced to the complete system by the addition 
of single operator 

£i 2 (x) = [£i(x), £ 2 (x)] = x\ d X4 + x\ d X5 for all x G K 5 . 

Therefore the incomplete system (3.13) has the defect 5 = 1 and its integral basis consists 
of n — m — 5 = 5 — 2 — 1 = 2 functionally independent first integrals. 

Let's reduce the system £i(x)y = 0, £ 2 {x)y = 0, £i 2 (x)y = to the complete normal 
system 

d xl y= - x 2 x\ x d X2 y - x 3 x^ d X3 y, d X4 y = 0, d X5 y = 

on a domain Hi C {x: x\ ^ 0}. 

Prom this we find an integral basis on the domain H\ of system (3.13), which consists of 
two functionally independent 3-cylindrical first integrals 

F\ 2 : x — > x 2 x^[ l for all x G H\ and F13 : x — > x^x^ 1 for all x G Hi. 

Similarly, the system £i{x)y = 0, £ 2 {x)y = 0, £i 2 {x)y = is normalized on the domains 
H^ C {x: x^ ^ 0}, £ = 2,3, and the corresponding integral basises on the domains H 2 and 
H3 of system (3.13) consist of functionally independent 3-cylindrical first integrals 

F^ v : x — > x v x^ 1 for all x G H^, F^ e : x — > x e x^ 1 for all x G H^, 

£ = 2,3, 1/= 1,2,3, = 1,2,3, 

3.2. Autonomy and cylindricality of partial integrals for 
total differential system 

Definition 3.2. We'll say that a partial integral w on a domain W C LT of system 
(TD) is s-nonautonomous if the function w depends on x and only on s, ^ s ^ m, 
independent variables ti, . . . , t m . If s = 0, then a partial integral w: (t,x) — ► w(x) for all 
(t, x) G If of system (TD) is autonomous. 

Definition 3.3. We'll say that a partial integral w on a domain II' C II of system 
(TD) is (n — k) -cylindrical if the function w depends on t and only on k, ^ k ^ n, 
dependent variables xi, . . . , x n . 
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Let's define the problem of existence for system (TD) an s-nonautonomous (n — k)- 
cylindrical partial integral 

w: (t,x) -> w( s t, k x) for all (i, x) G IT C II, s t = (h, . . . , t s ), k x = (xi, . . . , x k ). (3.14) 

3.2.1. Necessary condition of existence of s-nonautonomous (n — fc)-cylindrical 
partial integral. According to the definition of partial integral, the function (3.14) will be 
the partial integral on the domain II' C II of system (TD) if and only if 

sk X jW ( s t, k x) = ^-(t, x) for all (t, x) G IT', j = 1, . . . , m, (3.15) 

where the linear differential operators of first order sk Xj, j = 1, . . . , m, are defined by means 
of (1.18), the scalar functions <E>j : II' — > IK, j = 1, . . . , m, are such that 

$j(t,z)i s =0 for all (i,x) G IT, j = l,...,m. (3.16) 

The system of identities (3.15) in the coordinates is given by 
k 

d t w(% k x) + x)d x w('t, k x) = * e (t, x) for all (t, x) G IT, 9 = 1,..., 8, 

(3.17) 

X^(t, x)d x w( s t, k x) = $„(t, x) for all (t, x) G IT, v = s + 1, . . . , m. 
5=1 * 

Concerning the sets of functions k M g = {l, X ie (t, x), . . . , X kg (t, x)}, 9 = 1, . . . ,s, k M u = 
= {X lv (t, x), . . . , X kv {t, x)}, v = s + l,...,m, the system of identeties (3.17) with (3.16) 
means that: the functions of each set k Mj, j = 1, . . . , m, are linearly dependent with respect 
to independent variable on the integral manifold w( s t, k x) = under any fixed values of 
independent variables £ 7 , 7 = 1, . . . , m, 7 7^ (, and dependent variables Xj, i = 1, . . . , n; and 
the functions of each set k Mj, j = 1, . . . , m, are linearly dependent with respect to dependent 
variable x p on the integral manifold w( s t, k x) = under any fixed values of independent 
variables i 7 , 7 = 1, . . . ,m, and dependent variables Xj, i = 1, . . . , n, i 7^ p. It holds true 
under each fixed index £ = s + 1, . . . , m and under each fixed index p = k + 1, . . . , n. 

Therefore the Wronskians of each set k Mj, j = l,...,m, with respect to independent 
variables t^, ( = s+1, . . . , m, and dependent variables x p , p = k+1, . . . , n vanish identically 
on the integral manifold w( s t, k x) = 0, that is, the system of identities 

W k (1, k X e (t, x)) = E ec (t, x) for all (t, x) G II', 9 = 1, . . . , s, Q = s + l,...,m, 

W k ( k X u (t,x)) =E uC (t,x) for all (t, x) G IT, v = s + 1, . . . , m, ( = s + 1, . . . , m, 

W Xp (1, k X e (t, x)) = E 9p (t, x) for all (t, x) G II', 9 = 1, . . . , s, p = k + 1, . . . , n, 



W Xp ( k X v (t, x)) = E up (t, x) for all (t, x) G II', v = s + 1, . . . , m, p = k + 1, . . . , 



is satisfied. Here the vector functions k Xi : (t, x) — ► (Xij(t, x), . . . , X^j{t, x)) for all (t, x) G 

G II, j = 1, . . . , m, Wt ( and W Xp are correspondingly the Wronskians with respect to and 

* 

x p , C = s + 1, . . . , m, p = k + 1, . . . , n, the scalar functions : II' — > K, j = 1, . . . , m, ( = 

** 

= s + 1, . . . , m, and Ej p : IT* — > K, j = 1, . . . , m, p = k + 1, . . . , n, are such that 
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x)\ =0 for all (t, x) € U' , j = 1, . . . , m, £ = s + 1, . . . , m, 

(3.19) 

** 

H ir ,(t, x)i =0 for all (t, x) £ U' , j = l, . . . ,m, p = A; + l, . . . , n. 

^ L( s t, fe x)=o 

So the necessary test of existence of s-nonautonomous (n — k) -cylindrical partial integral 
for total differential system is proved. 

Theorem 3.4. T/ie system of identities (3. 18) with (3.19) is a necessary condition of 
existence of the s-nonautonomous (n — k)- cylindrical partial integral (3.14) for system (TD). 

3.2.2. Criterion of existence of s-nonautonomous (n — fc)-cylindrical partial 
integral. Let nxm matrix X of system (TD) satisfies the conditions (3.18) with (3.19). 
Let's write the functional system 

1> e + k X e (t,x) k <p = H e (t,x), 9 = 1,..., s, 
df ( k X e (t,x) k <p = dt ( H e (t,x), 9=1,. ..,s, ( = s + l,...,m, £=l,...,k, 

&i p k X 9 (t,x) k p = 4 p H e (t,x), 9 = 1,. ..,s, p = k + l,...,n, £=l,...,k, 

k X v (t,x) k ip = H v (t,x), v = s + l,...,m, (3.20) 
df k X u {t, x) V = df H u (t, x), v = s + l,...,m, ( = s + l,...,m, £ = 1, . . . , k - 1, 

dl p k X v {t,x) k v = dl v H v {t,x), v = s + l,...,m, p = k + l,...,n, t=l,...,k-l, 

where the vector functions s tp: (t,x) — > {ipi( s t, k x), . . . , ip s ( s t, fc x)) for all (t, x) G II' and 
k ip: (t,x) — > (cp 1 ( s t, k x), . . . ,tp k { s t, k x)) for all (t,x) € II' are unknown, the vector functions 
k X j : (t,x) — »■ (Xij(t, x), . . . ,X kj (t, x)) for all (t, x) G LT, j = 1, . . . , m, ^ k ^ n, the 
scalar functions Hj : U' — > K, j = 1, . . . ,m, are such that 

HAt,x)\ =0 for all (t, re) € II', j = l,...,m. (3.21) 

JV U( s t, fe rE)=0 

Theorem 3.5 (criterion of existence of s-nonautonomous (n — k) -cylindrical partial in- 
tegral for total differential system). For system (TD) to /iawe s-nonautonomous (n — k)- 
cylindrical partial integral (3.14) it is necessary and sufficient that there exist the vector func- 
tions s if), k (p and scalar functions Hj, j = 1, . . . ,m, with (3.21), satisfying functional system 
(3.20), such that the Pfaffian equation (1.21) has the general integral w: ( s t, k x) — > w( s t, k x) 
for all ( s t, k x) € H s+k , where the domain U s+k is the natural projection of domain U' on 
coordinate subspace O s t k x. 

Proof. Necessity. Let system (TD) has the s-nonautonomous (n — k) -cylindrical partial 
integral (3.14) on the domain LT'. Then, the identities (3.17) with (3.18) are satisfied. By 
differentiating the first s of this identities k times with respect to t s+ \,...,t m and k times 
with respect to Xk+i, ■ ■ ■ ,x n and by differentiating the rest m — s identities k — 1 times with 
respect to t s +i, . . . ,t m and k — 1 times with respect to x k +i, ■ ■ ■ ,x n we conclude that the 
extensions on the domain LT' of the functions s i[>: ( s t, k x) — > (d tl w( s t, k x), . . . ,d ts w( s t, k x)) 
for all ( s t, k x) € fl s+fe and k cp: ( s t, k x) -> (d Xl w(% k x), . . . , d Xk w(% k x)) for all { s t, k x) € 
€ H s+k is a solution to the functional system (3.17) with (3.16). Prom this it also follows 
that the function (3.14) is a general integral on the domain Yl s+k C K s+k of the Pfaffian 
equation (1.21). 

Sufficiency. Let the vector functions s tp: (t,x) — > s tp( s t, k x), k (p: (t,x) — > k (p( s t, k x) for 
all (t, x) £ II' be a solution to the functional system (3.20) with (3.21) and the Pfaffian equa- 
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tion (1.21) which is constructed on its base has the general integral w: ( s t, k x) — ► w( s t, k x) 
for all ( s t, k x) G U s+k . Then, the system of identities 

d t w( s t, k x) - fi( s t, k x)ij (: ( s t, k x) = for all ( s t, k x) eU s+k , ( = l,...,s, 

(3.22) 

d x w(H, k x) - n(H, k x)(p^( s t, k x) = for all ( s t, k x) G IP +fc , £ = l,...,fc, 

is satisfied, where /x: ( s i, fc x) -» ^( s t, fc x) for all (% fe x) G IT +fc is a holomorphic along the 
manifold w( s t, k x) = integrating multiplier of the Pfafnan equation (1.21) which corre- 
sponds to its general integral w: ( s t, k x) — > u>( s i, fe x) for all ( s t, k x) G IT s+fc . 

Taking into account that the vector functions S Y>, *V are the solution to the functional sys- 
tem (3.20) with (3.21) we receive the system of identities (3.17) with <frj(t,x) = n( s t, k x)Hj(t,x) 
for all (t, x) G II', j = 1, . . . , m. 

Therefore the function (3.14) is an s-nonautonomous (n — k) -cylindrical partial integral 
on the dimain II' of system (TD). ■ 

Example 3.3. The real completely solvable autonomous total differential system 
dxi = — (x2 + x\{x\ + x\ + x\j) dt\ - x\{x\ + x\ + x\) dt2, 
dx 2 = (xi - xi{x\ + x\ + xl)) dt\ - x 2 {x\ + xl + x\) dt 2 , (3.23) 
dx 3 = x 3 (xj + x\ + x|) (dti + dt 2 ) 

has the autonomous 2-cylindrical partial integral w: (t,x) — > x\ + x\ for all (t, x) G M 5 . 
On the coordinate plane OX1X2 of phase space M 3 this partial integral specifies the isolated 
point x\ = x 2 = and for this point the hypotheses of Theorem 11 from [20] are satisfied, 
when 



d t w(t,x) = d fn w(t,x) = - 2(x? + xi) 2 ^ for all (xi,X2)G 

/n ,.23) (3.23) 
,=0 x 3 =0 



So the zero solution x\ = x 2 = X3 = to system (3.23) is stable on the plane OxiX2- 
The equilibrium point 0(0,0,0) of the induced by system (3.23) autonomous ordinary 
differential system 

dx\ / 9 9 9\ dx 2 / 9 9 9\ dx 3 / 9 9 9\ 

__ = _ X2 - xi(xf + xi + xi), -^- = x ^~ x 2(xf + x\ + x|), — = x 3 (xf + xi + x|) 

is unstable by Chetaev's theorem [19, pp. 19 - 20] with V(x\, x 2 ,x 3 ) = — x\ — x\ + x\. 
Therefore the zero solution x\ = x 2 = x 3 = to system (3.23) is unstable. 

3.2.3. Functionally independent s-nonautonomous (n — k) -cylindrical partial 
integrals. The method which is proposed in Theorem 3.5 can be used to construct the fun- 
ctionally independent s-nonautonomous (n — k) -cylindrical partial integrals of system (TD). 

Theorem 3.6. Let h functional systems (3.20) with (3.21) has q not linearly bound on 
the domain H' C II solutions (1.25) and for each of them the corresponding Pfaffian equation 
(1.26) has the general integral 

Wl : ( s t, k x) -> w 7 ( s t, k x) for all ( s t, k x) G YL s+k C 7 = l,...,g, (3.24) 

on the domain H s+k which is the natural projection of domain H' on coordinate subspace 
O s t k x. Then, the general integrals (3.24) are functionally independent on the domain II s+fc . 
Proof. By virtue of the system of identities (3.22) 
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d kWl { s t, k x) - n 1 ( s t, k x)^J( s t, k x) = for all (% fe x)GlP +fc , ( = 1, . . . , s, 7 = 1, . . . , q, 
d^w^H, k x) - ^(H, k x) <pj(% k x) = for all (% k x) G IP+ fc , £ = 1, . . . ,k, 7 = 1, • • • , q. 

So the Jacobi's matrix j(w J ( s t, k x); s t, k x) = ||*(% k x)®( s t, k x)\\ for all ( s t k x) G n s+fc , 
where the matrix H^^H consists of q x s matrix ^>( s t, k x) = \\^( s t, k x)^J( s t, k x)\\ for all 

( s t, k x) eW +k and qxk matrix $(% k x) = \\fiy(% k x) (pJ(H, k x) || for all {H, k x) G W +k . 

Since the vector functions (1-25) are not linearly bound on the domain Y[ s+k the rank 
of Jacobi's matrix rank j(w y ( s t, k x); s t, k x) = q nearly everywhere on the domain IP +fc . 
Therefore the general integrals (3.24) of the Pfaffian equations (1-26) are functionally inde- 
pendent on the domain H s+k . ■ 

Example 3.4. The system of equations in total differentials 



dt\ dt 2 



*i(*2-*i) t 2 (t 2 -h) 



« = 1,2,3, (3.25) 



is not completely solvable since the expression in square brackets is not the exact differential 
under independent variables t\ and t 2 . 

The associated normal linear homogeneous partial system 

Xi(t,x)y = 0, X 2 (t,x)y = 0, 

which is constructed on the base of operators of differentiation by virtue of system (3.25) 

t 2 - 1 3 

Xi(t,x) = d t + — — V Xid for all (t,x) G n, 

ti{t 2 - ti) ^ 

ti — 1 3 

X 2 (t, x) = d t - — — for all (t, x) G n, 

t2{t 2 - ti) i= i 

is incomplete on every domain II from the set {(t,x): t\ 7^ 0, t 2 7^ 0, t 2 7^ t±} and has the 
defect 6 = 1. 

Therefore an integral basis of system (3.25) consists of n — 5 = 3 — 1 = 2 functionally 
independent first integrals. 

The system (3.25) has the autonomous 2-cylindrical partial integrals 

Wi : (t, x) — > Xi for all (t, x) G II, i = 1, 2, 3, 

since X^Xi = — Xj for all (t, x) G II, X 2 Xj = Xj for all (t, x) G II. 

t\(t 2 — t\) " ii(*2 — *i) 

Prom system (3.25) we get 

dx\ dx 2 dxs 
Xl x 2 x 3 

From this by immediate integration we get that on every domain Ilj C {(t,x): t\ 7^ 0, 
t2 0, t 2 7^ ti, Xi 7^ 0}, z = 1,2, 3, the system (3.25) has the integral basis which consists of 
two functionally independent autonomous 1-cylindrical first integrals 

F^: (t,x) — > x^x^ 1 for all (i, x) G H, F ie : (t,x) — > x^x" 1 for all x G Ilj, 

i = 1,2,3, e = 1,2,3, 0=1,2,3, £7^, 0^i, Me 
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3.3. Functional relations between general solutions to irreducible 

Painleve equations 

Let's consider the twelfth-order differential system 

~dT = yi ' itt = Pi (*' Xi ' y *)' i = 1 > •••' 6 ' ( ps ) 

where 

P 1 : (t, x, y) ^6xj+t for all (t, x, y) G C 13 , 
P 2 : (t, x, y) -> 2xf, + a 2 + tx 2 for all (t,x,y) G C 13 , a 2 G C, 

P 3 : (t, x, y) -»• ( - y 3 + a 3 x| + fo)^ 1 + yf x 3 1 + 73 xl + ^xj 1 
for all (t, x, y) G {(t, x, y) : t 7^ 0, x 3 / 0}, a 3 , /3 3 , 73, <5 3 G C, 
1 3 

P 4 : (i, x, y) -> - yfx^ 1 + - xf - 2a 4 x 4 + /?4xJ 1 + 4iaj| + 2t 2 x 4 
for all (t, x, y) € {(£, x, y) : x 4 ^ 0}, a 4 , [3 A G C, 

P 5 : (t,x,y) -> (x5-l) 2 (a5X5 + /?5X^ 1 )t- 2 + (-y 5 + 75X5)r 1 + ^ (3x 5 - \x 5 - 1)" 1 ^ + 
+ <^5X5(x5 + l)(x 5 - l)" 1 for all (t,x,y) G {(t,x,y): t 7^ 0, x 5 7^ 0, x 5 7^ 1}, 05, 75, ^5 G C, 

P 6 : (t,x,y) -> (-- y2 + y 6 -J 6 )(t-x 6 )- 1 + (x 6 -l) 2 (a 6 x 6 + /3 6 x^ 1 )(t-l)- 2 + 

+ ( - 2/6 + 06X6(X6 - 1)(1 - 2x 6 ) - /? 6 (x 6 - 1) + 76X6 + Sex e ){t - + 

-r-Xg(a 6 (x 6 - 1) - 76(x 6 - l) _1 )i~ 2 + ( - ye + a 6 x 6 (x 6 - l)(2x 6 - 1) + /3 6 (x 6 - 1) - 76X6 - 

- ,5 6 (X6 - I))*" 1 + X - (x 6 1 + (x 6 - l)" 1 )^ 

for all (t, x, y) G {(t, x, y) : t 7^ 0, t 7^ 1, x 6 7^ 0, x 6 7^ 1, x 6 7^ i}, a 6 , 76, <^6 € C, 

x = (xi, . . . ,x 6 ), y = (yi, . . . ,y 6 ). 

We'll consider the system (PS) on any domain II from the set D = {(t,x,y): t 7^ 0, t 7^ 1, 
x 3 7^ 0, x 4 / 0, x 5 7^ 0, x 5 7^ 1, x 6 7^ 0, x 6 7^ 1, x 6 7^ t}. 

The system (PS) is constructed on the base of six irreducible Painleve equations [21, pp. 
463 - 465] 

' /J,n fix;' • /. (P-l) 



dt 2 
d 2 x 2 _ 



2x1 + tx 2 + «2 , (P-2) 



2 x 3 1 fdx 3 \2 1 dx 3 i a 3 2 /3 3 3 <5 3 



+ -r x 3 + ^ + 73x1 + — , (P-3) 



dt 2 x 3 \ dt J t dt t 3 t ' 3 x 3 
d 2 x 4 1 fdx4\ 2 3 3 2 , 2 . /3 4 



di 2 2x 4 \ dt J 2 4 4 v 4/ 4 x 4 
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d 2 x 5 _ 3x 5 - 1 / dx 5 \2 1 dx 5 a 5 _ 2 

(it 2 ~ 2x 5 (x 5 t dt + t 2 X5lX5 j + 



. A> (%5 ~ I) 2 . 75 . . X 5 (x 5 + 1) 
+ TT r — X5 + O5 



(P-5) 



V X5 E ^5 — 1 

rf 2 Z6 = 1 /J_ 1 1 \ /dxe\ 2 _ /l 1_ 1 \ cfae 

dt 2 ~ 2 Vx 6 x 6 -l x 6 -t)\dt) U t-1 XQ-t) dt 



(P-6) 



c 2 (t _l)2 ^° , mo ^ ' D ( X6 _1)2 "°( S6 -t): 



Therefore we name the system (PS) the Painleve system. 

The components Xj, i = 1, . . . , 6, of the general solution to system (PS) are the general 
solutions to the irreducible Painleve equations (P-i), i = 1, • • • ,6, correspondingly, and the 
components j/j, i = 1, . . . , 6, are their derivatives. 

Thus, the problem on the relations between the general solutions to the irreducible Painleve 
equations (P-i), i = 1, . . . , 6, and their derivatives 

w(x±, . . . ,xq, Dxi, . . . , Dxe) = 0, (3.26) 

where Xj, i = 1, . . . , 6, are the general solutions to equations (P-i), i = 1, . . . , 6, correspon- 
dingly, is equivalent to the problem of finding autonomous partial integrals w : (x,y) -^w{x,y) 
for all (x,y) G II 12 , where II 12 is the natural projection of domain II on the phase space 
C 12 , for the differential Painleve system (PS). 

The existence of autonomous 6-cylindrical partial integrals w: (x) — > w(x) for all (x,y) € 
€ II 6 , where II 6 is the natural projection of domain II on the phase subspace Ox, for the 
differential Painleve system (PS) determines the relation w between the general solutions to 
the Painleve equations (P-i), i = 1, . . . ,6. Otherwise, there are no relations given by holomor- 
phic function w between the general solutions to the Painleve equations (P-«), i = 1, . . . ,6. 

Let's seek autonomous partial integrals w: (x,y) — > w(x,y) for all (x,y) € II 12 of the 
Painleve system (PS). To this end, we compose a system of the form (3.20) following Theorem 
3.5 and consider the first equation of this system 

6 12 
^2 + p i~e(t,x,y)ifi = #i(t,x,y), 

i=l i=7 

where 

H x : (t, x, y) -> W_i(x, y)(t - xg)" 1 + y_ 2 (x, y)(f - l)" 2 + V- X {x, y)(t - l)' 1 + 
+ C/_2 (x, y)t- 2 + U- 1 (x,y)t- 1 + U (x,y) + U 1 (x,y)t + U 2 (x, y)t 2 

and W_i(x,j/)i = 0, F_ 2 (x,y)i =0,V-i(x,y)\ =0,Uj(x,y)\ 

\w(x,y)=0 \w(x,y)=0 \w(x,y)=0 \w(x,y)=0 

= 0, j = - 2, . . . , 2. 
Hence, by choosing 

t 2 , t, 1, r 1 , t" 2 , (t-1)" 1 , (t-i)- 2 , (t-xe)- 1 

as a basis, we obtain the system 

( — ^ J/6 + 3/6 — 5e)^i2 = 

(x 6 - l) 2 (a 6 x 6 + ^6^6 1 )¥'i2 = V- 2 (x,y), 
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( - y 6 + a 6 x 6 (x 6 - 1)(1 - 2x 6 ) - fo(x 6 - 1) + 7 6 x 6 + 5 e x 6 )(p 12 = V-i(x,y), 
(x 5 - l) 2 (a 5 x 5 + (3 5 x^ 1 )ip 11 + xl{a & (x & - 1) - 7 6 (x 6 - l) ^ipu = U- 2 (x,y), 

( - V3 + 03^3 + /?3)V?9 + ( - 2/5 + 75X5)^11 + 

+ ( - V& + a & x & (x & - l)(2x 6 - 1) + /? 6 (x 6 - 1) - 76^6 - S 6 (x 6 - 1))<£>12 = f/-i(x,y), 

6 (3-27) 
^ y» + 6x^7 + (2x2 + "2) 9?8 + (yi^^ 1 + 73X3 + 5 3 X3 1 )(p 9 + 

+ (2 2/l x 4 1 + 2 x 4 ~ 2a 4 x 4 + AtzJ 1 ) 9?io + 

+ (- (3X 5 - 1>5 \ X5 - + <5 5 X 5 (X 5 + 1)(X 5 - l)- 1 )^!! + 

+ (\ K 1 + (*6 - I)" 1 )?/!) <Pi2 = U (x,y), 

V7{x,y) + x 2 ips + ^l<Pio = Ui(x,y), 
2x4ip 10 = U 2 (x,y), 

where the functions ip^ : (x, y) — > <pg(x, y) for all (x, y) G II 12 , £ = 1, . . . , 12, are unknown. 
Theorem 3.7. There is no relation of the form (3.26) between the general solutions 
i(t, Cji, Ci 2 ), i = 1, . . . , 6, to the irreducible Painleve equations (P-i), i = 1, . . . , 6, 
and their derivatives. 

Proof. Let w: (t,x,y) — > w(x,y) for all (t,x,y) 6 II be an autonomous nonconstant 
partial integral of the Painleve system (PS). 

It follows from the last equation of system (3.27) that 

V?io(x,y) = i x- 1 £/ 2 (x,y). (3.28) 

Let's consider the identity (see system (3.22)) 

d yi w(x, y) - ^ /i(x, y)xj 1 C/ 2 (x, y) = (3.29) 

corresponding to the function ip\Q. Since the integrating multiplier /j, is holomorphic along 
w(x,y) = by Theorem 3.5, we get from identity (3.29) that w is a partial integral of the 
equation X4 d y4 w = 0. 

From this it follows that 

w = w(x,y 1 ,y 2 ,y 3 ,y 5 ,y 6 ), (3.30) 

that is, w is independent of 2/4. 

Since an autonomous partial integral is not identical constant, the multiplier fx don't 
vanish identically. Therefore, 

Vio(x,y) = (3.31) 

by virtue of (3.29) and (3.30) and on the base of representation (3.28). 
From the first equation of system (3.27) we find 

fi2{x,y) = (-j yl + ye-Se) 1 ' W-i(x,y). (3.32) 
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Similarly, considering the identity (see system (3.22)) 

/ i \ — l 

d y6 w(x,y)-(j,(x,y)[--y% + y 6 -5 6 ) W-i(x,y)=0, (3.33) 

corresponding to the function ipi2, we arrive at conclusion that w is a partial integral of the 
equation 

( - 2 y 6 + y6-<fe) 9 y6 w = 0. 

Prom this taking into account (3.30) it follows that 

w = 2/1,2/2, 2/3, 2/5), (3-34) 

that is, w is independent of 2/4 and y§. 

Prom (3.32), (3.33), and (3.34) it follows that 

fi2{x,y) = Q. (3.35) 

In view of (3.31) and (3.35) the functional system (3.27) can be rewritten in the form 

(x 5 - l) 2 (a 5 x 5 + PbX^ipii = U- 2 (x, y), 

( - 2/3 + 0:3X3 + (3 3 )(p 9 + ( - 2/5 + 75^5)^11 = U-!(x,y), 

6 

^2 Vm + Qxjcp 7 + (2x1 + "2)^8 + [ylx^^xl + S^x^ipg + (3.36) 
1=1 

+ (2 ( 3X5 ~ 1 ) X 5 1 ( :r 5 - 1) _1 2/| + ^5^5(^5 + 1)(Z5 - l)" 1 )^! = ^o(^,2/), 

+ = Ul(x,y). 

Let |cK5 1 + 1/35 1 7^ 0. Then, from first equation of system (3.36) we get 

<pn{x,y) = (x 5 - I)- 2 (a 5 x 5 + fcx^ 1 )- 1 U- 2 (x,y). (3.37) 

The identity (see system (3.22)) 

d y5 w(x,y) - (i(x,y)(x 5 - l)- 2 (a 5 x 5 + fcx^^U^ix^) = (3.38) 

corresponds to the function <pu and by Theorem 3.5 a function w is a partial integral of 
the equation 

(x 5 - l) 2 (a 5 x 5 + (3 5 x^ 1 ) d y5 w = 0. 

Prom this taking into account (3.34) it follows that 

w = u/(x,2/i,2/ 2 ,2/3), (3.39) 

that is, w is independent of 2/4, 2/5, 2/6- 
So, in view of (3.37), (3.38), and (3.39) 

(pu(x,y) = 0. (3.40) 

Prom the second equation of system (3.36) with (3.40) it follows that 

<P9(x,y) = ( - 2/3 + a> 3 xj + /3 3 ) _1 U-i(x,y). 

Next we consider the identity 

33 



V.N.Gorbuzov Cylindricality and autonomy of integrals and last multipliers ... 

d ys w(x,y) - fi(x,y)( - y 3 + a 3 xl + (3s)- 1 U_i(x,y) = 
and (by Theorem 3.5) taking into account (3.39) we establish that 

w = w(x,y 1 ,y 2 ), (3.41) 
that is, w is independent of y T , r = 3, . . . , 6. Therefore, 

M^,y) = o. (3.42) 
In view of (3.40) and (3.42) from the functional system (3.36) we get the system 

6 

^2yHPi + 6xlip 7 + (2x2 + a 2 )ip8 = Uo(x,y), ip 7 + x 2 tp$ = Ui(x, y). (3.43) 
i=i 

The system (3.43) has the solution 

ifi = Zi{x,y), i = l,...,6, 

<P7 = (- 6x 2 lX2 + 2x 3 2 + a 2 )' 1 ( -x 2 U (x,y) + {2x 3 2 + a2)U 1 {x,y)+x 2 ^ vMx,y)\ (3.44) 

^ i=i ' 

6 

ip 8 = (- 6xfx 2 + 2x\ + a 2 y 1 ( y U (x,y) - Qx\ Ui(x,y) - ^ yiZi(x,y)j. 



i=i 



Taking into account (3.31), (3.35), (3.40), (3.42), and (3.44) the system (3.22) for 
\ a 5 \ + 1/^5 1 assumes the form 

d Xi w(x, y) - fi(x, y)zi(x, y) = 0, i = 1, . . . , 6, 
d yi w(x, y) - n(x, y)( - 6xjx 2 + 2x\ + a 2 )~ l ( - x 2 U (x, y) + 

6 

+ {2xl + a 2 )U 1 (x,y) + X2 ^ =0, (3.45) 

i=l 

d y2 w{x,y) - n{x,y){ - 6xjx 2 + 2x\ + a 2 )~ 1 (U (x,y) - Qx\Ui{x,y) - yiZi{x,y) \ = 0, 

v i=i 7 

d yi w(x,y) =0, i = 3, . . . ,6, 

Prom the seventh and the eighth identities of system (3.45) we get 
d yi w(x,y) +x 2 d y2 w(x,y) = n(x,y)Ui{x,y) 
and (by Theorem 3.5) a function w is a partial integral of equation 

d yi w + X2 d y2 w = 0. 

Hence, 

w = ?/2 — 2/1^2 + h(x) (3.46) 

in view of representation (3.41). 

Prom the first six identities and from the eighth identity of system (3.45) we get 

6 

^2 yi d x t w(x,y) + ( - 6xjx 2 + 2x1 + a 2 )d y2 w(x,y) = (i(x,y)(U (x,y) - Qx\Ui(x,y)). 
i=l 
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Therefore, w is a partial integral of equation 

6 

Vi d *i w + ( - 6x i x 2 + 2x l + "2) d y2 w = 0. (3.47) 

i=i 

Since no function of the form (3.46) satisfies equation (3.47), we conclude that system 
(PS) doesn't have the autonomous partial integrals other then constants for \a$ \ + |/3s| ^ 0. 
Let's consider the case 05 = (3$ = 0. 
In this case system (3.36) has the general solution 

ifii = Zi(x,y), i = l, ...,6, 

^7 = ( {1x\ + a 2 )U 1 (x,y) + x 2 ( ^ ViZi(x,y) + (yf x^ 1 + 7 3 xj] + 
^ ^ i=i 

+ ^3X 3 " 1 )( - y3 + 03X3 + /3 3 ) _1 (^-i(x,y) - ( - 2/5 + l5X5)g{x, y)) + 
+ Q (3x 5 - 1 (x 5 - l)" 1 y\ + (S 5 x 5 (x 5 + l)(x 5 - y(x, y) - 

- f/ (x, y) ] ) ( - 6x?x 2 + + as)" 1 , 



y?8 



(3.48) 

/ 6 

= - ( y*^( x >y) + 6a; i u i( x >y) - {vl x ^ + i% x l + foa^X - 2/3 + 
^ i=i 

+ a 3 x| + /3 3 )- 1 ([/_i(x,y) - ( - y 5 + 7 5 x)5(x, y)) + (- (3x 5 - l)x- 1 y| + 
+ 5 5 x 5 (x 5 + l)(x 5 - l)- 1 )c/(x,y) - t/ (x,y)^ ( - 6xfx 2 + 2x\ + a 2 )~\ 
999 = (C/_i(x,y) - ( - y 5 + J5x 5 )g(x,y))( - y 3 + a 3 x| + /? 3 )~ 1 , 

= g{x,y)- 

In view of (3.31), (3.35), and (3.48) system (3.22) for 05 = = takes the form 
d Xi w(x, y) - fi(x, y)zi(x, y) = 0, i = 1, ... ,6, 
d yi w(x,y) - n{x,y)ip 7 (x,y) = 0, 
d V2 w(x,y) - n(x,y)ip 8 {x,y) = 0, 
d y3 w(x,y) - n(x,y)( - y 3 + a 3 x§ + Z^)" 1 (C/_i(x, y) - ( - y 5 + 7 5 x 5 )#(x, y)) = 0, (3.49) 

d y4 w(x,y) = 0, 
d y5 w(x, y) - n(x, y)g{x, y) = 0, 
d y6 w(x,y) = 0. 

From the seventh and the eighth identities of system (3.49) we get 

d yi w(x,y) +x 2 d y2 w(x,y) = /x(x, y)C/i(x, y) 

and much as we do in the first case we conclude that it; is a partial integral of the equation 
d yi w + x 2 d y2 w = 0. 
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From this in view of (3.44) we obtain that 

w = y 2 - y\x 2 + h(x,y 3 ,y 5 ). (3.50) 
It follows from the first six, eighth, and eleventh identities of system (3.49) that 

6 

^2 Vi d ^w{x, y) + {- 6xjx 2 + a 2 )d y2 w(x, y) + 
i=i 

-(-V5 + 75^5) (yf^3 1 +73^3 + ^3^3 X )( ~V3 + "3^1 + fa)' 1 ^\d y& w(x, y) = 

= n(x,y)(- (yfxj 1 + 73X3 1 + 53X3" 1 ) ( - y 3 + q 3 x| + /%) ~ x C/_i (x, y) + U (x, y) - 6x? Ui (x, y)) . 
Therefore (by Theorem 3.5) a scalar function w is a partial integral of the equation 

6 

^ yid Xi w + ( - Qx\x 2 + 2x2 + a 2 )d y2 w + 
i=i 

+ (G (3X5 " (X5 " y ' + 55X5(X5 + 1)(X5 " (3 - 51) 

- ( - Vb + 75X 5 )(ylx 3 ' 1 + 73^3 + <*3 *)( - 2/3 + «3x| + foy^dysW = 0. 

Since no function of the form (3.50) satisfies equation (3.51), the Painleve system (PS) 
doesn't have the autonomous partial integrals other then constants for 05 = /% = 0. ■ 

Thus, we have given answers to the questions concerning the relations between the general 
solutions to the irreducible Painleve equations (P-«), i = 1,...,6. These answers are as 
follows. 

1. There is no functional relation w(x±, . . . , xq) = with holomorphic function w be- 
tween the general solutions Xi, i = 1, . . . , 6, to the Painleve equations (P-i), i = 1, . . . , 6. 

2. There is no functional relation of the form (3.26) with holomorphic function w between 
the general solutions Xj, i = 1, . . . , 6, to the Painleve equations (P-i), i = 1, . . . , 6, and their 
derivatives Dxj. 

At the same time, the differential Painleve system (PS) has nonautonomous partial inte- 
grals and therefore we can assert as follows. 

3. There exists a functional relation of the form w(t, x±, . . . , Xq, Dx±, . . . ,Dxq) = 
between the general solutions Xj, i = 1, . . . , 6, to the Painleve equations (P-i), i = 1, ■ ■ ■ ,6, 
and their first derivatives Dx«. 

In particular, if the general solution x k , k € {1, ...,6}, to the k-th Painleve equation 
(P-fe) and its derivative Dx^ are known, then we can assert as follows. 

4. There exists a first-order ordinary differential equation of the form 

w s (t,z, Dz,x k , Dx k ) = 0, 

where t is the independent variable, z is an unknown function, x k is the general solution 
to the Painleve equation (P-k), whose general solution is the general solution to the s-th 
Painleve equation (P-s), s G {1, 6}, s 7^ k, that is, z = x Sl s ^ k. 
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